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Abstract 

The aim of Part II of this paper is to try to describe wave functions 
on q-deformed versions of position and momentum space. This task is 
done within the framework developed in Part I of the paper. In order to 
make Part II self-contained the most important results of Part I are re- 
viewed. Then it is shown that q-deformed exponentials and q-deformed 
delta functions play the role of momentum and position eigenfunctions, 
respectively. Their completeness and orthonormality relations are de- 
rived. For both bases of eigenfunctions matrix elements of position 
and momentum operators are calculated. A q-deformed version of the 
spectral decomposition of multiplication operators is discussed and q- 
analogs of Heaviside functions are proposed. Interpreting the results 
from the point of view provided by the concept of quasipoints gives 
the formalism a physical meaning. The definition of expectation val- 
ues and the calculation of probability densities are explained in detail. 
Finally, it is outlined how the considerations so far carry over to anti- 
symmetrized spaces. 

Keywords: Space-Timc-Symmetries, Non-Commutative Geometry Quan- 
tum Groups 
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A Quantum spaces 

1 Introduction 

As was already mentioned in Part I, deforming spacetime symmetries could 
yield a method to overcome the difficulties with infinities in quantum field 
theories [1-8]. Quantum groups and quantum spaces [9-15] seem to provide 
a mathematical framework for very realistic deformations. Their existence is 
related to of the Gelfand-Naimark theorem [16], which allows us to formulate 
the geometrical structure of Lie groups in terms of a Hopf structure [17]. 

In our previous work [18-26] we dealt with q-deformed versions of Min- 
kowski space and Euclidean spaces. Their symmetries are described by 
q-analogs of the Lorentz group and the rotation group [27-31]. In addition 
to this, each q-deformed quantum space can be equipped with two different 
differential calculi [32-35]. These differential calculi can be combined with 
quantum groups to give q-deformations of Euclidean and Poincare symme- 
try [36]. 

In Ref. [37] it was our aim to give a q-deformed version of analysis to 
quantum spaces of physical interest, i.e. Manin plane, q-deformed Euclidean 
space in three or four dimensions, and q-deformed Minkowski space. These 
considerations were mainly based on the ideas exposed in Refs. [38-44]. (The 
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reasonings in Refs. [45] and [46] go into the same direction.) In this manner 
we obtained a multi-dimensional version of the well-known q-calculus [47- 
49]. Using these results and following Refs. [50,51] we introduced in Part I 
of this paper Fourier transformations and sesquilinear forms on q-deformed 
quantum spaces. The aim of Part II of this paper is to apply the new tools 
to describe wave functions on q-deformed position and momentum spaces. 

To make Part II of the paper self-contained so that it can be read inde- 
pendently of Part I we first recall those results of Part I that are relevant 
in what follows. This task will be done in Sec. [2 In analogy to the unde- 
formed case Fourier transformations on quantum spaces allow us to expand 
functions in terms of q-deformed exponentials and the q-deformed Fourier 
transform of a constant function leads us to q-analogs of delta functions. In 
Sec. [3] we identify q-deformed exponentials and q-deformed delta functions 
as eigenfunctions of momentum and position operators, respectively. For 
both sets of eigenfunctions we write down completeness and orthonormal- 
ity relations. Combining our reasonings about Fourier transformations with 
those about sesquilinear forms we are able to calculate matrix elements of 
position and momentum operators in a basis of position or momentum eigen- 
functions. For the sake of completeness a q-deformed version of the spectral 
decomposition for multiplication operators is formulated. With this result 
at hand we are in a position to propose q-analogs of multi-dimensional theta 
functions. 

To give the formalism a physical meaning it is helpful to introduce the 
concept of quasipoints [50]. It should be mentioned that a quasipoint can 
be viewed as generalization of the idea of an eigenstate. In Sec. [5] we apply 
this concept to interpret our results from a physical point of view. In this 
respect we define q-analogs of expectation values and derive expressions for 
the probability to find a system in a certain quasipoint. Finally, Sec. [6] 
shows how to adapt our considerations to carry over to antisymmetrized 
quantum spaces. This way we obtain a q-deformed version of quantum 
kinematics with Grassmann variables. Sec. \7\ closes our considerations by a 
short conclusion. For reference and for the purpose of introducing consistent 
and convenient notation, we provide a review of key notation and results in 
Appendix [Al 

2 Preliminaries 

In this section, we collect definitions and relations from Part I that will 
be needed throughout Part II. First of all, let us recall the definition of 
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q-deformed Fourier transformations, which are given by 



and 



/+°o x 
d n L xf(x*)®eMx 3 r 1 P k )R, L , 
-co 

/+°° x 
^/(^©exp^lr 1 /)^, (1) 
-co 

/+°° X 
d n R x exp (rV|^) Ri£ ©/(^), 
-co 

/+°° X 
4xexp(rVl^)R jL ©/(^), (2) 
-co 

-i r+oo x \p 

mf){x k ) = J ^ ^pexp(i-V|eL x k )^ L Q L /(pi), 
nU)i* k ) = JfT /^^pexp^Vlez^)^ © L /(^), (3) 

mf){* k ) = —^J ^ dSpW) fi ex P (e R x fc |rV) fi)£ , 

1 r+oo „\ x 

r R (f){x k ) ^^Zj^ dlpfW) R exp(e^x fe |i-V)^ L . (4) 

The two types of Fourier transformations are inverse to each other in the 
sense that 

(T* R oT L )(f)(x k ) = f(Kx k ), 

{F R oF- L ){f){x k ) = f{K-'x k ), (5) 
(T* L oT R )(f)(x k ) = f(K- 1 x k ), 

(F*LoF R )(f)(x k ) = f(Kx k ), (6) 



and 



(T L oT R )U)(x k ) = K' n f(K- 1 x k ), 

(F- L oT R )(f)(x k ) = K n f( K x k ), (7) 

(T R oT* L )(f)(x k ) = K n f(Kx k ), 



(F R oT* L )(f)(x k ) = K - n f( K - 1 x k ), (8) 
where the values for n are determined as follows: 

(i) (quantum plane) 

K = KL = KR = (my 1 = (k^ 1 = q 3 , (9) 

(ii) (three-dimensional q-deformed Euclidean space) 

k = k l = k r = (kl)' 1 = (kr)' 1 = q 6 , (10) 

(hi) (four-dimensional q-deformed Euclidean space) 

K = k l = k r ; = (kl)' 1 = (k^)" 1 = g 4 , (11) 

(iv) (q-deformed Minkowski space) 

k = k l = k r = (kl)' 1 = (K^r 1 = q~ 4 . (12) 

The Fourier transformations in ([1]) and ([2]) can be used to introduce 
q-analogs of delta functions: 

/+oo 
^exp^lrV)^, 
-oo 

/+oo 
dlxeMx j r l p k )R,L, (13) 
-oo 

/+oo 
exp(r W)^, 
-oo 

/+oo 
4x exp(rV|^)^. (14) 
-oo 

For the sake of brevity, integrals of delta functions get a name of their own: 

"+oo r+oo 



/+oo r+oo r+oo 

d n R p5 n L (p k )= / d n L x 4pexp(^|i-V)^i, 
-oo J —oo J —oo 

/+oo r+oo r+oo 

d n Rp5l(p k )= d\x\ d^expHrV)^, (15) 
-oo J —oo J —oo 
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/-t-oo r+oo r+oo 

d n L p8 n R (p k ) = d\p\ dlxeM^Vl^L, 
-oo J — oo J — oo 

/+oo r+oo /"+00 

d n LP 8l(p k )= dip 4*exp(rVVk L , (16) 

-oo J —oo J —oo 

where 

voIl = vol£ and vol^ = voIr. (17) 
In analogy to ordinary delta functions q-deformed delta functions fulfill 

"+°° y 

d n A yf(y i )®5Uy j ®c(e c x k ))=vol AB f(K- 1 x k ), (18) 



where 



and 

d n A y5 n B ((e c x k )® c y :i )®f(y t ) = voi AB f(K c 1 x k ), (19) 

/+oo 
d><^(x fc ). A,B G {L,L,R,R}. (20) 
-oo 

As fundamental properties of the q-deformed Fourier transformations in 
CO and © we have 

^(/^)(/)=^(/)(/)®(rV), 

^zC/^W) = r L (f)(p k )® (rV), (21) 

> m k ) = i- v © wxa 

^(0>'§/)(p fc ) = rVs^f/)^), (22) 



and 



^L(/©^)(/)=i^(/)(p fc )l^', 

I *W)=i^Z (/)(/) (23) 



^(^I/)(/) = i^'^i i (/)(p fe ), 

^ • = i#&^Jl(/)(A (24) 
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Similarly, the Fourier transformations in ([3]) and ([!]) are subject to 

md 3 >f)(x k )=KX^®n(f)^ k ), 

Fl(i&lf){x k ) = «~V ®F* L (f)(x k ), (25) 



F* R (if P < &){x k ) = K-^(/)(x fc ) © xK, 
F* R (if P <&i)(x k ) = KF* R (f)(x k )®x\ (26) 

n(i-V'®/)(^) = «~ 1 5 J '^(/)(^), 

^!(i-V © /)(^) = >^(/)(* fc ), (27) 

^(/®(rV))(^) = ^(/)(^)^', 

© (rV))(i*) = K- l F* R (f)(x k ) < cP. (28) 

Our examinations need Fourier transforms of q-exponentials and q-delta 
functions. In the case of q-exponentials we find 

^(exprVieL^')^)^) 

/ + OO y\ p 
d n L p exp(rVl©L y J ) R , L ©l exp(rV|a^) fl)L 
-oo 

= ^((©L^ffiLX*), (29) 

^(expO^'irV)^)^) 

/+oo p|j, 
d£p exp^lrV)^^ ©RexpO^lrV)^ 
-oo 

= 5 n R {x l ® R (Q R y J )). (30) 



and 



and 



^(exp(i^|p fe )^ L )(^) 



vol^ 



+oo p\x 

d n R p exp(iyi\p K ) R>L Q R exp{ix l \e L p l ) R}L 
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= ^:W®fi(e^)). ( 31 ) 
^(exp(rV|y j ) R ,i)(^) 

1 /"+ 00 ! , *,P ! h ■ 

= vol^ / ^ 6XP(i GZ X 0i GXP(i P 

= ^r^((e z x z )e z ^). (32) 

The Fourier transforms of q-delta functions take the form 

fL(s n R (y j ®R (©^)))(/) 

/+°° x 
d n L x5 n R {yi @ R (G R x 1 )) ®exp(x l \r 1 p k ) RL 
-oo 

= K -%ol^exp(K-y [rV)^, (33) 
= f ^exp(rV|x% ;I I(5g((e £ x i )e I y J ') 

J — oo 

= K n vol z exp(rV|K^) RiZ , (34) 



and 



•^2((©L?/ J )eL **))(/) 

1 f +oa ■ ■ v x \v 

= — T / ^^((©i^)©^^) ©/?exp(i V\Olx 1 ) r>l 

yol R J-oo 

= expa-VlGL^')^, (35) 

•^(^ ©*(©i^')))(/) 

1 / ,+oc 7 pN 

= ™T L J d L xe MQRX l \r X P k ) R - L 0L^'®H(e fi y)) 

= exp(eii^|i-V) R ,L- (36) 

The corresponding relations for the other versions of q-deformed Fourier 
transforms are obtained most easily from the above formulae by applying 
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the substitutions 

L^L, L^L, R^R, R^R, k -> k' 1 . (37) 

Next, we come to sesquilinear forms on quantum spaces. Obviously, they 
should be given by 



(f,g) A ^ / d n A xf(x*)®g(xi), 



-oo 
+00 



(f,9) A = / d n A xf(x l )®g(xi), (38) 
J —00 

where ^4 G {L, L, i?, R}. However, the conjugation properties of q-deformed 
integrals are responsible for the fact that these sesquilinear forms are not 
symmetrical. To circumvent this problem one can take the expressions 

■n 

2 (</>*>* + </,*>*)> 
■n 

(f,g) 2 ^ 1 ((f,g) L + (f,g) R ), (39) 

•n 

(f,g) 1 = -^[(f,g) L + (f,g) R ), 

■n 

(f,g)' 2 ^^((f,gy L + (f,g)' R )- (4fl) 



For later purpose let us mention that the sesquilinear forms in (|38p can 
be used to introduce the adjoint of an operator. The adjoints of partial 
derivatives, for example, can be read off from the identities 

(f,d i >g) A = (fr>f,g) A , 

(f,d*>g) A = (J i >f,g) A , (41) 



{f<d\g)' A = {f,g«fr)' A , 

(f<d i ,g)' A = {f,g<d^' A . (42) 

Essentially for us is the fact that our sesquilinear forms obey q-analogs 
of the Fourier-Plancherel identity. In Part I of this article it was shown that 

</,5>; i!r = (-ir<^(/),^(5)(^V)>i )P , 
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and 



-ir<^(/),^( 5 )(V)>; 



-ir<^(/)(^),^(5)>£, p , 

-ir<^(/)( K -V),^( 5 )> / ip , 

-i)"<^(/),^( 5 )( K -V)>^ p , 

-ir<^(/),^i( 5 )(V)>^, 

-l) n {nU)W),FR(j9)) L 0, 

-inn (/)(«- V),^( 5 )'> 



(43) 
(44) 



(45) 



(46) 



To avoid the additional minus signs in the above formulae, we modify the 
definitions of Fourier transformations, delta functions, and volume elements 
by carrying out the following substitutions in the defining expressions: 



J d n L x,j d\x — y ^x = ^J d n L x + j d n R x). 



d n r x, / d£s 



cU}x = — 
2 2 



d\x + 



d n R x\. 



(47) 



That means we deal with real integrals, only. This way, we obtain new 
objects which are distinguished from the original ones by a tilde: 



-7"- /£• -7--* 

A ► J~ A, J~ A > J~ A: 

$A >$A, VOU ► TOU- 



(48) 



It should be mentioned that all identities presented so far remain unchanged 
under these substitutions. However, there is one exception, since the Fourier- 
Plancherel identities now become 

(f,g)' lx = <JP L (/),^( 5 )(AC-V)) / lp = (T* R (f)( K -V),T L (g)y ip , 

(/>s>2,. = {hif)^R{g)^p%, p = {mf){Kp%h{g))' 2 , p , (49) 



and 



</>*>i 
</,<?' 



2,x 



(F R (f),Ti(g)( K p*)) 2p = (r L (f)( K p%T R (g)) 2p . (50) 
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3 Wave functions and matrix representations 



In this section we introduce q-analogs of position and momentum eigenfunc- 
tions and present a systematic study of their properties, i.e. we show that 
both sets of eigenfunctions are orthonormal and complete. In addition to 
this we calculate the matrix elements of position and momentum operators 
in a position basis as well as a momentum basis. Finally, we examine how 
the idea of a spectrum fits into our considerations. This way, we lay the 
foundations for a physical interpretation of our formalism. 

3.1 Definition of position and momentum space eigenfunc- 
tions 

In analogy to the classical case a momentum eigenfunction has to satisfy 



id" 1 >u p (x j ) = u p (x j ) ®p\ 



(51) 



or alternatively 




p 



(52) 



Functions with one of these properties are given by 



( U R,M X% ) 



(voli)" 1 / 2 exp(, 
(vol z )- 1 / 2 exp(. 




(53) 




(54) 



For a position eigenfunction we require to hold that 




X 



y 



(55) 



or 




X 



V 



(56) 



We can choose 



{u A ) y {x i ) = (voU) 1 SXtf ® A (e A K A y j )) 

= {vo\ A )- 1 5 n A ({Q A KAX l )@Ay 3 ), 



(57) 
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and 



(u A ) y (x i ) = (voUy 1 5 n A {{Q A y j ) (Ba x*) 

= (voU)- 1 Sl(yf (Ba (e A K A x% (58) 

where A € {L, L, R, R}. That these functions are indeed position eigenfunc- 
tions can be seen by the following consideration. From the identities for 
q-deformed delta functions [cf. Eqs. (|18j) and (|19p ] we know that 



/ 



dx n R iu L ) y {aP) ®x l = I dx n R (voIl)" 1 5l((e L « - V) ©l x j ) © x l 

3 

dx% (woIl)- 1 ' 2 y l 5 n L {x^) 
dx\ (voU)" 1 1 52((Gl «" V) ©l 
dx*y i ®(u L )v(v i ), (59) 



— oo 
oo 



where the fourth equality results from translation invariance of integrals over 
the whole space. Thus, we have shown that 



- V „. y 



dx\ {(u L ) y (x j ) ®x i -y i ® (*l) v (x>)) = 0, (60) 



R 

oo 



which implies 

(u L ) y (x j ) ®> x 1 - y { ® (u L ) y (x j ) = ^(a?*), 

Apia?) = 0. (61) 

From the discussion in Ref. [37] we know that <f(x l ) has to vanish on a q- 
lattice and this observation should allow us to assume tp(x l ) = 0. Similar 
arguments apply for the other position eigenfunctions. 

Before proceeding any further let us be a little bit more precise. The 
relations (|5ip and (|52|) characterize the eigenfunctions of momentum and 
position operators in position space. We can also ask for eigenfunctions of 
momentum operators in momentum space. In our approach position and 
momentum variables play symmetrical roles. Thus, eigenfunctions of mo- 
mentum operators in momentum space are obtained from the functions in 
(|57p and f|58j) by replacing position variables with momentum variables. A 
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short glance at the identities in (|29p ~(|32 p tells us that q-deformed Fourier 
transformations map the momentum eigenfunctions in position space to 
those in momentum space and vice versa. This means that q-deformed 
Fourier transformations organize a change of basis. To be more specific, we 
have 

^(feuWG/))^') = (voi L ) 1/2 (^M* J ), 

•^(Kz)e z p(y i ))(^) = (vol R )V 2 (u R ) K - ly (xi), (62) 

and 

m^RMy 1 ))^) = (voi^Ky^). (63) 

3.2 Completeness of position and momentum eigenfunctions 

Now, we are ready to prove that each wave function can be expanded in 
terms of position eigenfunctions as well as momentum eigenfunctions. In 
what follows we concentrate attention on two q-geometries, only, since the 
results for the other ones are obtained most easily by means of the substi- 
tutions 

L <-> L, R <-> R, ><->>, < <-> <, d d, k <— > . (64) 

The vector representing a wave function ip(x l ) in momentum space is 
given by the Fourier transform of ip(x l ), i.e. 

(cl) p = F L W(p k ) = (^,exp(rV|^') A)L )^ x 

= (vo\ R f/\^{u R>L ) p ^))' Lx , (65) 

(cr) p = F R &)(p k ) = (exp^'jrV)^, iP) RjX 

= {vo\ L ) x l 2 {{u R}L ) p {x^) Rx , (66) 

and 

(c* L ) p = nW(p k ) = (voifl)- 1 (exp(e jS ^|rV)fl > L^) Li!E 

= ^ol R )- 1/2 ((u RtL ) p (e R x^)^) L ^ (67) 

(c* R ) P = nmp k ) = (voi z )-v,ex P (i-y ie £ x% tZ y Rx 
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= (vol^r 1 / 2 ^, (u R>L ) p (e L xl))' R x . (68) 

Clearly, the above Fourier coefficients determine the expansions in terms of 
momentum eigenfunctions [cf. the identities in ©-([8])], i.e. 

^{x i )=T* R {T L ^){p k )){K- x x i ) 

/+oo p\ x 
d n R p(c L ) Kp @ R (u R:L ) p (e R x l ) 
-oo 

= K™(vol L )- 1 / 2 ((c L ) Kp ,(^ i ) p (eL^)>^, (69) 
^) = Ti{T R (iP){p k ))(Kx l ) 

/+oo x lp 
d n L p(u R , L ) P (e L x l ) Ql(cr) k -i p 
-oo 

= K- n {vo\ R )- 1 /\{u R:L ) p (Q R x l ),{c R ) K ^ p ) Ly (70) 

and 

^(x i ) = K n T R (nmp k ))(Kx i ) 

/+oo p 
-oo 

= (vol^Hu^Ux*), (e* L ) K -i p ) Rp , (71) 
^x l ) = K- n ^ L (T* R (Mp k ))^- 1 x l ) 

/+oo „ 
-oo 

= (^\ L ) l '\(c R ) Kpi (u RX ) p (x% Lp . (72) 

This way we see that the set of momentum eigenfunctions is complete and 
the corresponding completeness relations become 

(( u R,L) P ( xi )i (%uW(y J )}^p = ({u R)L )p(x % ), {uR^e^iy 3 )) Rp 




■ p\y 

d R P (u RtL ) p (x l ) QR{u R ^ L ) eLP (y 3 ) 



= (vol^)- 1 / 2 ^((n^ L ) eiP (^))(^) = {^^^{{u^Ux^) 

= (voi^-^e^e^)), (73) 

((u R ,i)e RP (y J ), {u r ,l)p{x 1 ))'i, p = <(^,L)e £ p(y J ), (u R £) p {x l )) Lp 
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+ 00 _ y\ p 

d iP(u R - L ) QRP {y ] ) @ L {u R - L ) P {x l ) 

-oo 

= (vol £ )- 1 5g((e x ^)e Z ar i ). (74) 

The correspondence between the above completeness relations and the ex- 
pansions in (f69j) - ([72|) is illustrated by the following calculation: 

^) = ^(^))(«rV) 

r+°° 11 p\x 



— oo 
oo 



J — oo 

d\y Hy l ) © / d n R p (u RjL ) p (y k ) Q R (n^ i )e LP (K- 1 x i ) 

r+oo y 

(vol^)- 1 / dly^mdliy^^Q^- 1 ^)). (75) 



Likewise we have 



+00 



x \p , , , i., y 



d n L p(u R>L )e RP (^) L {u R - L ) P (y k ) ®i>iv l ) 

lvol,;- J / d R ySl((e- L ^)®- L y k )®^(y l ), (76) 



oo 
+oo 



and 

^(x i ) = «-^ £ (^W)(«- 1 x < ) 

x) r+oo yip 

d n R y / d^G/*) Qr {u R - L )e R v(y k ) 



y\p 
0L 



/+oo „ 
d R yi>{y l )®8l{{Q- L y k )® L K- 1 x i ), (77) 
-oo 

i>{x i ) = K n F R {Fl{i>)){Kx i ) 

-+oo r+oo p \y p \y 

d\y \ d n R p (u r l )p(kx 1 ) Or {u RjL )e LP (y k ) Q L ip(y l ) 
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and 



/+oo 
dly5l{Kx l @ R (e R y k ))®^(y l ). (78) 
-oo 

Now, we turn to position eigenfunctions. The vector representing the 
wave function ip{x l ) in a basis of position eigenfunctions is given by the 
wave function itself. For the expansion coefficients we have 

{c L ) y = {-lT({u L ) y {x^{x i )) Lx 

30 T X 

dlx{u R )y{x k )®lp{x r ) 

) 

/+°° X 
dlxSideRK- 1 ^) ® R X k ) ®^) 
-co 

= W), (79) 
{ CR ) y = {-lT({u R ) y {xP)^{x i )) Rx 

/+00 x 
d R x (u L )y(x k )®^(x l ) 
-CO 

= (vol^r 1 [ +C °d R x5l((e L KyJ) ® L x k ))®^) 

J —CO 

= W), (80) 



(c' L ) y = (-ir(i>(x%(u L ) y ( X i)y Lx 

/+00 x 
d n L x^{x l )®{u R ) y {x k ) 
-co 

= (vol^)- 1 [ + °° d n L x ^) ® 5 n R (x k ® R (Q R kTV)) 

J —CO 

= W), (81) 

(c' R ) y = (-ir^(x%(u R ) y (x^y Rx 

/+00 x 
d n R X^{x l )®{u L )y{x k ) 
-co 

/+°° x 
d R x^(x*)®5 n L (x k ® L (e L Ky j )) 
-co 

= W)- (82) 
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The minus signs in each of the above calculations is due to the conjugation 
properties of q-deformed delta functions and the last step is an application 
of the identities in {TH} and (fl9|) . 

With the coefficients in (|79p -(|82p the expansions in terms of position 
eigenfunctions take the form 

ip(x*) = (-ir((u L ux i ),(c L ) y ) L ^ y 

yo y 

dly(u R ) y (x i )®(c L ) y = (c L ) x , (83) 



^) = (-l) n ((u R ) y {x%(c R ) y )^ y 

yo y 

d n R y (u L ) y (x l ) ® (c R ) y = (c R ) x , (84) 



and 

^(x l ) = (-l) n {^ L )y,{u L ) y {x i ))'^ y 

y 

d n L y(c L ) y ®(u R ) y (x*) = (c' L ) x , (85) 

^) = (-ir((c' R ) y ,(n L ) y (x^ y 

y 

d n R y(c' R ) y ®(u L ) y (x l ) = (c' R ) x . (86) 

These relations can be checked in the following manner: 

y 

dly (c' L ) y ® (u R ) y (x z ) 



oo 



r+oo 


dly 


r+oo 


1 — oo 




' — oo 


r+oo 




r+oo 


1 — oo 


dly 


' —oo 



(volfi)-"/ dly I dlx^)®5 n R (x"(B R (e R K-^)) 

®s n R (y m ® R (e^-V)) 

»+oo - 

(vol^)" 1 / dlx^)®5 n R (x k ® R (Q R K- 1 x i ))=^x i ). (87) 
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The expansions in ([83|) ~(|86 ]) correspond to the completeness relations 



dty(u R )y{x l )®{u y ) R (x k ) 

) 

= {-lT{{U L ) y {x% (Uy) R (x k )) Ly 

= (-^) n {{u R )y{x%{u L ) y {x k ))' Ly 
= (voi^-^^^eRO^K- 1 ^)), 

30 ■ v u 

d n R V {Ul)y{x l ) ® {u L )y( X k ) 

) 

= {-l)\{u R )y{x%{u L Ux k )) Rx 
= (-lT{(u L )y(x%( UR ) y (x k )y R>y 

= (vol £ )- 1 ^(x i © £ (e £ «a: fc )). (89) 

Last but not least, let us mention that the results of this subsection 
remain valid if we apply the substitutions in (|47|) and (|48|) . For this case, 
however, the sesquilinear forms must be replaced according to the substitu- 
tions 

(• ' ) L,x ~" (' ' •)l,x J (" ' ')r,x ~" (' ' '^.a:' 

Finally, we have to take into account that the position eigenfunctions are 
represented by delta functions with a tilde and their conjugation properties 
require to drop the minus signs in front of the sesquilinear forms appearing 
in fl751l-flSBt and (l551)-(IH9l. 



3.3 Orthonormality of position and momentum eigenfunc- 
tions 

In the last subsection we saw that each wave function can be written as a 
linear combination of momentum or position eigenfunctions. For this rea- 
son momentum and position eigenfunctions satisfy completeness relations. 
In the case of momentum eigenfunctions the position variables x 1 and the 
momentum variables p l play the role of conjugate variables. The same holds 
for the variables x l and y % if we consider position eigenfunctions. Revers- 
ing the roles of conjugate variables (this can always be achieved since there 
is a complete symmetry between conjugate variables), we obtain from the 
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completeness relations in (|73p -(|74 p and (|88p -(|89 p orthonormality relations 
for momentum and position eigenfunctions, respectively. 

For this to become more clear, we would like to demonstrate this pro- 
cedure by an example. We start our considerations from the completeness 
relation ([731 : 



/ + OO p \y 
d n R p exp(x x |rV) 5iL QrzMQrV ^ p )r,l 
-oo 



+00 



• p\y 

d R P (u R , L )p(x l ) Qr{u R:L )q lp {v>) 
= (vo\ R )- l 5 n R (x l (B R (e R yi)). (91) 
Interchanging the roles of position and momentum coordinates leads to 

/+00 
d n R x exp(rV|x fc )^ L R exp(rV|eL x l ) RL 
-00 



00 
+00 



d R x (u R , L )p(x k ) X ®R (%U W(^) 

= (voi^-^e^efli?)). (92) 

In this manner we get as orthonormality relations for momentum eigenfunc- 
tions 

<(%u)p( xfc )' ( u R,L)e L p( xl ))' R:X = (( u R,L) P (x k )i iu R)L ) eR p{x 1 )) Rx 
d R x iu R:L ) P (x k ) Q R (u R>L ) en p(x l ) 



00 



(yol R )^ R ((u R>L ) p (x k )){pi) = (volfl)- 1/2 ^((^)e« P (^))(P i ) 
{vo\ R )-H n R (p l ® R {Q R ?)), (93) 



L,x 



(( u R,l)e L p( xl )i { u R ,L)v( xk ))'- L ,x = (( u R,L)e R p( xl ), {u R>L ) p {x k )) 

30 J) I 

diP(u R - L )e L p{x l ) Q L {u R - L )p{x k ) 

= {YoW^Tl{{u RtL ) p {x k W) = W^CCu^ea,^))^) 
= { YO \ L )-Hl{(Q- L f)® L ^). (94) 

A similar method can be used to read off the corresponding orthonor- 
mality relations from the completeness relations for position eigenfunctions 
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To begin with, we consider the completeness relation 

" + °° • y u 

dly (u n ) y (x l ) ® (u R ) y (x k ) 



(voi^r 2 / dty mta* ® R (e R «rV )) ® sW e R (e R «r V)) 



= (voifir^Cx'eflOflK-V)). (95) 

From these identities it follows by renaming the variables that 

1 X 

dlx(u R )y(xi)®(u R ) y (x l ) 

f+oo x 



= (vol R y 2 / dlx5l{f ® R {e R K-^))®8l{x l ® R {e R ^y k )) 

J —00 

= (yol R )-%(y i Q R (e R K- 1 y k ))- (96) 
Proceeding this way we obtain as orthonormality relations 

30 X 

) 

= (-^ n ((u R )y^),(u L ) y (x l ))' L>x 

= (-ir((u L )y(xi),(u R ) y (x l )) Lx 

= (yoi R y 1 6 n R (y i e R (e R n- 1 y k )), (97) 



d R x (u L ) y (x k ) ®> (u L ) y (x l ) 

= (-l) n {(u L )y(x j )AuR)y(x l )) R>x 

= (-ir((4^).w»(^))^ 

= (vol z )-^G?® z (e £ V0). (98) 

Finally, it should be clear that we are again allowed to apply the substitu- 
tions in (J!?]), 01]), and ([50|> . 

3.4 Operators in position and momentum basis 

In Sec. 13.21 we concerned ourselves with expansions of wave functions in 
terms of position and momentum eigenfunctions. The corresponding coeffi- 
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cients gave us representations of wave functions in a position or momentum 
basis. In this subsection we would like to extend these reasonings to the 
expressions 

P k > ^ x i) = id k > ij)(x>), P k > ij(x j ) = id k > 

P k ^^(x j ) = id k >ij(x j ), P k >ij(x j ) = id k >ij(x j ), (99) 

^j( x j) <iP k = ip(x j ) < (id fe ), ip{x j ) <P k = 4>{x j ) < (id fc ), 

V>(x J ')«P fc = ^(x J ')«(id fc ), ^(x J ')«P fe = ip(x j )<(id k ), (100) 

and 

X fe >^(x j ) =x fc ©V(x i ), iP{x j )®x k = ^{x j )<X k . (101) 
To begin with, we consider the Fourier transforms 

^(p™>ex P (e^|ry')^(^) 

d n L x {P m > exp(Q R x k \r V ) e L ) Or exp(x'|r V) b £ 



=/ 

J — oo 

= - / djfr (p™ Ob exp(eR x fc |i" V)fl, L ) 0fl expfc'irV)^ 



p 



= -Kp m ©<5£((eLF 7 )eLP i ), (102) 



^fl(exp(ry|e L x fc ) J ,£<P m )(p i ) 



+°° x|p x „ 

<T R x exp(i V|x% jZ L (exp(ry |e Z x k ) R - L < P m ) 

oo 

/ d n R x exp(rV|x% L P L (exp(rV|e £ x fe ) R;L 0lp 

•/ — oo 



= W @R (Qui?)) ® (-^V"), (103) 

and 

^(P m >exp(^|rV)^)(p ! ) 

= (voIl)^ 1 [ + °°dlx exp(e^x / |rV)^ L L (P m >exp(x fe |rV')^ L ) 

J — oo 



21 



= Ml) 1 [ ^exp(G j R^|rV)^ L P £ (exp(s fc |i l p>) R , L ®P m ) 

= (voi L )- 1 ^((eL^)e i ^)©P m , (104) 

/ + OO ^Ip 
d\x (exp(r Vlrr*)^ 5 P m ) 0^ exp(i" V|© £ 
-oo 

/+°° p zip 

d^x (p m ® exp(i-y> fe )*,z) 0^ exp(i" V|0z Ar,l 
-oo 

= {vo\ R y l p m ® <W 0i? (0i?p 1 )). (105) 

Notice that the second equality in each of the above calculations makes use of 
the fact that q-exponentials are eigenfunctions of momentum operators (see 
the discussion in Ref . [37] ) and the last step is a consequence of the addition 
law for q-exponentials and the defining expressions of q-delta functions. In 
terms of momentum eigenfunctions the above identities become 

(P m >(u R ^ eLP (x%(u RjL ) p (x k ))l x 

((%U W(^) < Pm, (u RyL )p(x k )) L x 

-(vo\ L )~ l Kp m ®8 n L {(Q L fP)® L p i ), (106) 

((u R , L ) P (x%(u R ,- L )e R p(x l )<P m ) Rx 
-MrT'k-^W ®R {Or?))®?", (107) 

(( u R,L)e LP (x l ), {u R , L )p(x k )3P m )' L x 
((u R , L )e RP (x l ),P m >(u RjL Ux k )) L ^ x 

(vo1 l )- 1 <52((0l^) ®lP) ®p m , (108) 
((u R ,L)p(x k ) X <P m ,(u RrL ) eRP (x l )y Rx 



(P> 



Lin 



pp 



{Pr)pp 



and, likewise, 



(Pi 



* \m 
L/pp 



(Pr)1 



pp 
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(P m > (u R i )p(x k ), (u R i)e LP (x 1 )] 



R,x 



= (vol^-y™ © 6%(f (Br (W)). (109) 

This way, we found the matrix elements of momentum operators in a basis 
of momentum eigenfunctions. 

With these matrix elements at hand the action of a momentum operator 
on a wave function can be written as 

(W* 4 ) < p m ) L ) P = rMx 1 ) < P"W) 

f+oo p 

~ d n R PK(c L ) K , il ®(P L )^ lp) = (c L ) p ®p m , (110) 

J — oo 

((P m > ^))r) p = W m > WW) 

- f + °° cT L pK-\P R )% p)p ®(c R ) K - 2p =p m ®(c R ) p , (111) 

j — oo 



and 



({P m > ^(x 4 ))2) p = ^(P m > vO^Xp 7 ) 

= / + °° dip I (ci) K -^ = K p m © (112) 

J — oo 

(W**) < p m )^) p = mw) < p m w) 

= [ + ™dip(c R ) Kp ®(P R ) p ?=K-\c R ) p ®p™. (113) 



Notice that the above relations are in accordance with the identities in (|2ip . 
(|22[) , (|25p , and (|26|) . This way, we see that on momentum space momentum 
operators reduce to multiplication operators. 

For the sake of completeness, it should be mentioned that the matrix 
elements for a product of momentum operators are obtained by a kind of 
matrix multiplication, i.e. 

/+oo „/ 
dlp'K\P L )^ pl) ®{P L ) k pl ^ lpy 
-oo 

/+oo p / 
c%p' k-\Pr)? kP)p , ® (Pr)1-i p> , (114) 
-oo 
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and 

r+oo 



/+oo „/ 
-oo 



r+oo 



p' 



«p m ■ p k y R ) Pp = / dip>{p* R )p p)pl © (p* R ) k p , p . (us) 

J — oo 

These identities are obtained most easily by applying the relations (jllOD - 
(|113[) in succession: 



(V(^) < (P m ■ P k ) L ) p = ^((V(^) <P m ) <P k )(p>) 

r+oo 

jn ._/ _»r- t„i.l—i\ x * nra\/..2.Jh / n 

Jp'( K -lp) 



/+oo „/ 
-oo 

+00 jj r+oo „/ 



00 
+00 



= [ °°d R p (c L ) K2p I ((P m ■ P k ) L ) Pp . (116) 
j —00 

Next, we would like to derive the matrix elements of position operators 
in a basis of momentum eigenfunctions. To reach this goal, we need the 
Fourier transforms 

P2(x m ©exp(x fc |rV)^ L )(p 4 ) 

1 f +oc 7 1 • p\ x x fc 1 • 

= djfc exp(0 fl x'|i V) fi)i Z (x m ©exp(x fc |i V)^ L ) 

= f^d n L x eMe R x l \rV) R /Q L (exp^lrV)^^^)) 
= (voiij-^^ieLp 8 )©^)^^" 1 ), (117) 

TU^- l f\x k ) R ,l®x m W) 

1 /" +00 1 ■ 1, x X \P 1 ■ ; 

= J d n R x (exp(i V |x% jZ © z m ) ©^ exp(i V|0 £ 



-00 

p + OO 



' y ^x(ia m lex P (i V> fc )/?,i) © P Kex P (rV|eix% iZ 



voi R j_ c 

^id-f^e^e^)), (us) 
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and 



T L (exp(Q R x k \r V) o L Or x m )tf) 



^(ex P (e j Rx fc |rV')i?,L 0ijx m ) ©Rexp^irV)^ 

-OO 

(fix (exp(e^x fc |i-V')R,L < (i^ m )) 0i? exp(x z |rV)^ L 

-oo 

= K - 1 id m h n L ((e L iP)(BLP l ), (119) 

£ exp(i" VI 0£ x*)^)^) 

= / d n R x ex P (rV|x% jZ o P L (x m © P L ex P (rV'|e £ x k ) R:L ) 

J — oo 

= - [ d n R x ex P (i-V|x% iX © P L {id m l ex P (rV|e z z*)^) 

«/ — oo 

= KW©*(©fli?'))l(id m ). (120) 

From the results in (|117p - (|12Up we read off as matrix elements of position 
operators 

= (( u R,L)eL P (x l ), {u R L )p{x k ) ® x m )' L x 

= {vo\ L y l 5 n L ({OLP l ) ® L iP) P <^d m ), (121) 

{^r)§P = ( x m ® ( u R,L)p( xk )i (uR t L)enp( xl )) R >x 

= ((u R)L )p(x k ) I x m , (n fl)£ )e LP (x'), 

= (vol^)- 1 ^)!^^' (B R (e RP % (122) 



and 



(^i)S = (Zm ©£ (u R:L ) eftP (x l ), (u R:L ) p (x k )) L x 



p\x 



((u R , L )e L p(x l ) Or x m , (uR tL ) P (x k ))' 



L,x 
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= ^ l {Yo\ L )- l ^d m )l5l({Q L f) ® L p l ), (123) 

(XrYpp = (( u R,L) P (x k ),x m Q L {u^- l )q rP {x 1 )) Rx 
= (iu Rt i) P (x k ), (u Rji ) eL p(x l ) P Q R x m )' R x 
= k (vol^)" 1 5 n R (p l (B R (OrP 1 )) I (id m ). (124) 
In complete analogy to (|110p - (|113p we obtain 

{(X m > ^)f L ) p = T* L (X m > = T* L {x m © Hx l ))(pi) 

= [ + ^ r R p(Xt)^®(cl) K - lp = K-Hd m hcl) p , (125) 

J — oo 

((^) <* m )*) P = ^(^) <*"W) = T R (^)®x m ){pi) 

= [ + ™dlp(c R ) K p®(Xi)^ = K (c R )/«(id m ), (126) 

J — oo 

and 

((^(x J )5l m ) L ) p = FlMx*) <X m ){jP) = F L [?l>(j)®x m )tf) 

= K n [ +00 d n R pK-\c L ) K2p ®(X L )^ lp) = (c L ) p P <(id m ), (127) 

J — oo 

((X m >^(x i )) R ) p = ^ R (X m >^(x i W) = T R (x m © 

= / dlp K (X R )^ p)p ®(c R ) K - 2p = id m >(c R ) p . (128) 

■/ — oo 



Let us notice that these results are consistent with the identities in f)2 1 [> - 
(|24p . The relations f)125|) - fjl28j) tell us that on momentum space position 
operators act like derivatives. 

Next, we would like to find representations of position and momentum 
operators in a basis of position eigenfunctions. This can be done most easily 
by applying the Fourier-Plan cherel identities. With these identities at hand 
we get 

$l((e L p i )(BLP i )®P m 
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= ( exp(r V|0l z l )fi, L , P m > exp(x fc |r ^p>) R , L ) LtX 

= (-ir<^(exp(rV|eLX J )5,L(fc r )), 

= (-lr^cexprviei^)^)^, 

^©^(exp^irV)^)^ 1 ^))^ 

^^((eiK- 1 ^)©^'))^. (129) 

Let us make some comments on the above calculation. We start from (jl(J4|) 
and use the Fourier-Plancherel identities [cf. the first identity in (|45p ]. Then 
we apply the fundamental properties of Fourier transformations [cf. the 
first identity in (|26p ]. For the last step we insert the expressions for Fourier 
transforms of q-exponentials [cf. the expressions in (|29() -(i32l)]. With the 
same method we obtain from (|105p 

p m ®S 7 ^(p j (Br (QrP 1 )) 

= ( exp(r V |x fc ) fl Z < P m , exp(eR |i~ V)^)'^ 

= (-lr^oifl)-^^^' e R (e^ s )) ® fc m , 

<52((e £ p < )© £ A; r )>i, fc . (130) 

We can also start our considerations from (|102l) and (|103p . Proceeding in a 
similar fashion as above yields 

- Kp m ®5l((e L p i )® L p i ) 

= ( exp(r V j Q L x k ) R L I P m , exp(x' |i~ V)fl,L> L , s 

= (-ir<^(ex P (rV[eLx fc )« 5 Jp m )(^), 
^(exp^irV)^^)^- 1 ^))^, 

= (-ir +1 <fe m ©^(exp(rV|eLx fc )^ L )(F'), 
j-2(ex P (x / |rV)«, i )(«- 1 A ; s )>^ fe 
= (-ir +1 (voi L )- 1 (^(r e« (eni?)), 
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k m ®5 n L ((Q L K" 1 *;') 



(131) 



Likewise, we have 



= (exp(rV|^)H,L> PwP exp(eH^|i"V)fl,L 

= (-lr+VoiRr^ w ©a (gb ^)) © fe m , 

^((ez^)ez^)>' . 



L,x 



(132) 



Further relations follow from the above results by applying the substitutions 
in ([MD- 

To get expressions for matrix elements of position operators in a basis of 
position eigenfunctions we interchange the roles of position and momentum 
coordinates in the above relations and express the q-deformed delta functions 
in the sesquilinear forms by position eigenfunctions. This way, we should 
arrive at 



( X l)yl 



( x r)Z 



and 



( X L>yy 



( x r)7v 



-lT((u L ) y (x r ),x m ®(u R ) y (x 1 )) 
vol/ ? ,)~ 1 ^((ei? rey*) ®r y j ) ® y m 



L,x 



volfl) L y m ® <5£(y l ® R {Qr ny 1 )), 



(133) 



[(u R Ux r ),X m ®( UL )y(x 1 )) 



R,x 



volx)- 1 SI((Ql K- l y l )® L ff )®y m 
vol L )- 1 y m ®Sl(y i ® L (Qlk- 1 ?)) 



(134) 



[(uRHx l )®X m ,(u y ) L (x% 



L,x 



vol R ) v y m ® b n R (y 3 ® R (e R Ky 1 )) 
vol i? )- 1 ^((e/? Kyi) ® R y') © y m , 

-ir((u L ) y (x l )®x m ,(u y ) R (x% 



(135) 



R,x 
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= (volz)- 1 ^ I 81$ L (0l k"V)) 

= (voi L )- 1 ^((eL k"V) ® L f) I y m . (136) 

As expected, in a basis of position eigenfunctions position operators act like 
multiplication operators, i.e. 

((X m ^^X l ))' A )y = (-l) n {{u A ) y ( X l),X m Z^)) AtX 

" d\y (X A )% I {c A )y = y m ® (c A ) y , (137) 

(M**) < X m )'A)y = (-l) n <^(^) < X m , {u A ) y {xi))' A x 

" d n A y (c' A ) y I (X^ft = (c' A ) y © y™ (138) 



Lastly, we would like to close this subsection by constructing the matrix 
representation of momentum operators in a basis of position eigenfunctions. 
Once again, we use the Fourier-Plancherel identities to rewrite the matrix 
elements of position operators in a momentum basis. Reversing the roles of 
momentum and position variables will again enable us to read off the wanted 
matrix elements. Applying this procedure to the result of (|117p yields 

8 n L {{QLP i )®LP i ) P <Cid m ) 

= <ex P (rV|e L x')^ i ,x m ©ex P (x fc |rV)ij,L> L , x 
= (-ir<^(ex P (rV|eL x% L W), 



^(x m ©exp(x fc |rV)^ i )( K - 1 F)> 



R,k 



(-ir<^(ex P (rV|eL *V)(* r )> 

i0 m ^2(exp(x fc |rV)^ L )( K - 1 ^)>^ 
(-lHvoUr 1 ^ ® r (Q rP *)), 

\d m l5 n L {(Q L K~ 1 k s )® L fP)) Rk , (139) 



where we made use of the identities in (j27l) . (|4T1) . and (I42j) . Repeating the 
same steps for the result of f 1 11 8 [) provides us with 
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= (exp(i 1 p>\x k ) RL ®x m ,exp(e R x l \i V) fl) i>^ 

= (-lnvoinr^W (B R (e R Kk s )) k <(id m ), 

m(QLP l )®Lk r )y L , k - (140) 
Finally, the results of (|119|) and (|120|) respectively lead us to 

K- l id m >5i((e L p>)® L p l ) 



L,x 



x\p . . 

(x m © £ exp(i~ f\Q L x )^ L ,exp(x |i _ p l ) R:L ) 

(-lT(T R (x m t L ex P (rV|e L x k ) R ^ L W), 

^2(exp(x / |rV)^ L )(K- 1 A ; s )>^ fc 

(-i) n (id m > ^(ex P (i~V|eL x k ) RtL )(k r ), 

^ <R,k 



^(exp(x z |rV), L )(K- 1 A ; s )) 



i^k^^©^ 4 )}^, (i4i) 



and 



= <exp(i V|x') i?£ ,exp(e jR x fc |i V)r,Z ©fl ^m)^ 

= (-ir(voi K )- 1 (^(^e fi (e R ^))^(ia m ), 

^((e^')e z n)i, fc - (142) 

Notice that the derivation in (|14ip requires to know the relation 

^(x m © £ ex P (rV'|eL x l ) RtL )(k r ) 

= ia m >^(exp(rV'|eLX^, L )(F), (143) 
which can be proven in the following manner: 
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= ! °° d\x (expa- 1 ^!^)^ © £ (x m © Z exp(i-V'|e L z')^) 

/•+ 00 t ■ x x\p . 

= / 4x(exp(i W\x?) RiL ®x m ) £ exp(rV|eLx')^ L 

J — oo 

= / d^xid m >exp{r 1 k r \x J ) R>L ©zexp^-VleL^k.i 

1/ — oo 

= id m > / 4xexp(i V^)^ Z exp(i VIOlx')^ 

J —oo 

= id m >^ R (eMr 1 iP\e L x l ) RtL )(k r ). (144) 

Modifying the above results by the substitutions in (|64|) yields the corre- 
sponding relations for the other q-geometries. 

Now, we are ready to write down matrix elements for momentum oper- 
ators in a basis of position eigenfunctions: 

(Pl)yy = (-l) n ((u Z ) y (x r ),P m HuR)y(x l ))- Lx 



(voi^n^^aew) ® R y 3 ) 



y 



(voIr)- 1 6U(e R ntf) (i9 m ), (145) 



(Pr)% = {-l) n {{u R )y{x r ),P m >{u L )y{x l )) Rx 

= (vol L )- 1 ^((0L «"V) ©L y j ) V < (id m ) 

= (vol i )- 1 i9 m l«5£((© L K-'y 1 ) ®l y j ). (146) 



Similarly, we have 

(P'lWy = {-l)\(u R )y{x l )%P m ,{u i ) y (x^ x 

= {vo\ R y l \d m l5 n R W® R (©W)) 

= (volRy^Ktf ® R (Q R Ky 1 )) I (id m ), (147) 

= {-lY^yix^P™,^^))^ 



' R ,X 



{vo\ L )- l §l& @ L (Ql ^y^liid 



(vol L )- 1 (i9 m )l^(^'© L (© LK - 1 ^)). (148) 
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Our results tell us that in position space momentum operators are repre- 
sented by partial derivatives, i.e. 

((P m ^)) £ ), = (-ir((n L ) y (x^,P m U(x i )) L!X 

= [ +0 ° d\y (JPfc)E I (c L ) y = id m h(y% (149) 

J — oo 
1/ — oo 

and 

((^Ip™)'^ = (-ir<^)^,(%),(^)>^ 

/■ + °° 5 -w ■ y - 

= / c^y (4) 5 © (P £ )& = ^) < (i9 m ). (151) 

J — oo 

= / + °° dgjf I (J*)ft = W) 5 (uT ). (152) 

J — oo 

Last but not least, let us note that the matrix elements for the other 
geometries are obtained from the results in this subsection most easily via 
the substitutions 

L <-> L, R <-> R, ><->>, < <-> <, 
ff^B 1 , P i «-> P*, k^k" 1 . (153) 

It should also be rather clear that we are allowed to apply the substitutions 
in g7]), ([Ml), and ([90]). 

4 Spectral decomposition and projection opera- 
tors 

From the considerations of the previous section we know that wave func- 
tions can be expanded in terms of momentum or position eigenfunctions. 
Furthermore, we saw that momentum eigenfunctions as well as position 
eigenfunctions give not only a complete set of functions but also an or- 
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thonormal one. In the next section this observation will help us to bring our 
formalism in contact with quantum mechanics. To this aim it is useful to 
discuss a q-analog of the spectral decomposition of position and momentum 
operators. 

First of all, let us recall that the spectral decomposition of a selfadjoint 
operator A is given by a sum or integral over products of eigenvalues with 
projection operators on the corresponding eigenspaces, i.e. 

A= f XdPx + Y,^ (154) 

where Pi and dP\ denote the projectors on the eigenspaces to the eigenvalues 
Aj and A, respectively. To find a q-analog of the spectral decomposition of 
position operators we need the identities in (fT8j) and (fl9j) . which imply that 

x* ® f{x j ) = — f d^xd^iiecKcx^^cx 1 )®^ ® f(x j ), 

VOlA,B J-oo 
x i r+oo j. ^ 

/(aJ)© x 4 = _ / d n A xj{x 3 )®x l ®S n B (x l ® c {Qc^cx k )). (155) 

Since we require for the position operators X 1 to act like multiplication 
operators, i.e. 

X i > f(x j ) = x l ®> f{x j ), f{x j ) <X l = f(x j ) © x\ (156) 
we conclude that 

• x 1 f +C ° u , X . X 

X 1 >... = — / d n A x d^Qc K C x k ) ® c x L ) ®x l ® 

. . . < X 1 = —I— [ +C ° d n A x . . . ® x< © 5 n B {x l ® c (Gc K C x k )). (157) 

VOU.S J-oo 

Let us make some comments on this result. It is important to realize that 
the variable x l represents the eigenvalues of the position operator X 1 and 
the q-deformed delta functions behave like projectors on the corresponding 
eigenspaces. This way, we found a q-analog of the spectral decomposition 
of position operators. 

It is not very difficult to extend the above formulae to functions of po- 
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sition operators. Obviously, we should have 
1 

voUb 



F(X l ) >... = —3— / d\x 5 n B {(Q c k c x k ) ® c x l ) ® F(x l ) 



oo 
' -oo 



-I r+oo ~ - 

. . . < F(X*) = — / fix...® F(x l ) ® 5 n B (x l ® c (ec Kcx k )). 

VOIa,B J-oo 

(158) 

Especially, in the case F(x l ) = 1 we get 

x 1 f +OQ u 
id > . . . = — / d n A x 5 B ((Q C K C x k ) 



5c x l ) 



oo 
oo 



. . . < id = — — / d\x . . . ® 5 B (x l (B C (0c K C x k )). (159) 

VOU,B J-oo 

Applying the expressions in (|159|) to a function on position space, we are 
able to expand this function in terms of position eigenfunctions. Thus, 
the formulae (1159|) can be viewed as completeness relations for position 
eigenfunctions. Once again, we see that the expansion coefficients are given 
by the function itself: 

fix 3 ) = — [ +0 ° d\x f(x*) ® 5 n B (x k ® c Oc kcx*)) 

= (-1)" (vou.s)-^/^), 8%(x" ec (ec kc&)) )' A ^ (160) 

1 /•+<» x 
f{ff) = — / d n A x8 n B {{Q c ^cx j )®cx k )®f{x i ) 

V0U,B J-oo 



= {-l) n {vo\ A , B )-\5l{{Qcnc^)®cx%f{x i )) Ar (161) 

These observations are in complete accordance with the relations (|T9 j) -(|82 [) . 

Let us recall that in position space eigenfunctions of position operators 
are given by delta functions. The scalar product between two q-deformed 
delta functions reads 



1 



vol A ,B 



+oo x 

d\x S B ((e c Key 1 ) ec x k ) ® 8 n B (x l ec (ec K C y j )) 

■oo 

(voU iB )- 1 (^((ec^)ec x k ),s%(x< e c (ec^'))>' 

(voU,b) _1 < <$S((ec Key 1 ) ®C x*),5l(x l 0c (ec K C y j )) 



A,x 



A,x 
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= S n B ((e c Key 1 ) ®c p) = <W (Be (e c ^y 3 ))- (162) 

These identities are consistent with the relations in (|160p and (|16ip as can 
be seen by the calculations 



1 



(voLa,b) 2 



(voU. 



B 



d n A yf{y m ) ® S%{{e c K C y k ) ®c z*), 
d n A y5 B (x j b c (ecK C y l ))®g(y r )) A x 

d n A y / d\y f(y™) ® ( 6 B ((e c Kcy k ) ®c &<), 

J —oo 

y 

S B (x j ®c (e c K C y l ))) A)X ® g(y r ) 



oo 
+00 



00 

+00 



d n A yf(y m ) ®g(y r ) = (f(y m ),g(y r )) Ay , (163) 



and 



!vo] ( , ))2 -< / d n AVf{v m )®S%{iQcnoy k )®cx i 



(voU.b) 2 



y , 

d\y 8 B (xi ®c (e c K C y 1 )) ® g(y r ) ) A , X 

00 

"OO I-+O0 y 

d\y \ d n A yf{y m )®{5 n B {(B C Kcy k )(Bcx*), 



1 1 



$ B (xi Be (Be K C y 1 )) ) Ax ®g(y 



d n A yf(y m )®g(y r ) = (f(y m ),g(y r )) Ay - (164) 

In the above calculation we consider two functions / and g in position space 
and take the scalar product between their expansions in terms of position 
eigenf unctions. After some rearrangements, the orthonormality relation in 
()162j) allows us to regain the scalar product between the two functions / 
and g. 

Let us return to the spectral decomposition of position operators. A 
short look at (I156p and (I157D should make it obvious that position operators 
become diagonal in the representation space of position eigenfunctions. For 
the momentum operators this is not the case as becomes clear from the 
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identities 



i r+oo 

id 1 > f(xi) = — / d\y ( 5 n B {(Q c K C x k ) (Be x l ), 

VOU,B J-oo 



id* 1 5 n B (x m @ c (eo © W) 

1 /-+oo 

-; / d n A y (5 n B ((e c K C x k ) (Be x l ), 

VOl A ,B J-oo 

id* > 5|(x m e c (Gc «c2/ r ) )' A ~ x I W), (165) 



i r+oo „ r 

/( a J)5i9 i = — / d>/(y j )©(<5|((0c«c2/ fe )Gc^)<(i^), 

6 n B (x m ©c (ecKcx r )) Ai 



+oo 



d n A y f(y ] ) ® (S n B ((e c Kcy k ) (Be x l ) < (id 1 ), 
S B (x m (Be (Qc n c x r ))' A .. (166) 



Thus, in the representation space of position eigenfunctions momentum op- 
erators act as integral operators: 

&>... = / + °° d\y (id% B (x k ,y r ) I..., 

-I r+oo y 

...< (id*) = — — / d n A y...® (id% B (y r ,x k ), (167) 

VOlA,B J-oo 

where we introduced, for brevity, the matrix elements 

(id% B (x k ,y r ) 



= < S B ((Q C K C x k ) (Be x l ),id l > 5 n B (x m (Be (Qc K C y r )) 



A.x 



= (5 B ((Qc K C x k ) (Be x l ),i& 1 5 B (x m (Be (Qc ^cy r ) )' A ^ (168) 
(id*f AB (y k ,x r ) 



= < S%((Q C K C y k ) (Be x l ) < C^),5 n B (x m (Be (Gc * c x r )) A ~ 

= (S B ((e C Kcy k ) ®c x l ) < (id 1 ), S B (x m (Be (Gc *cx r ) )' A -. (169) 
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One should keep in mind that the considerations so far carry over to rep- 
resentations of momentum operators on momentum space. Since position 
and momentum variables play symmetrical roles in our approach, the results 
for momentum operators are obtained most easily from those for position 
operators by substituting position variables with momentum variables and 
vice versa. This way, we see that we have two representations, one in which 
position operators become diagonal and one which does the same for mo- 
mentum operators. In complete analogy to the undeformed case, q-deformed 
Fourier transformations allow us to switch between the two representations 
and q-deformed exponentials can be seen as the corresponding transforma- 
tion functions (or overlap matrix element between position and momentum 
eigenstates). 

From functional analysis we know that the spectral decomposition of 
multiplication operators gives rise to a so-called spectral measure. A com- 
parison of (I155P with the classical spectral decomposition of multiplication 
operators shows us that a q-deformed delta function can play the role of a 
spectral measure: 



dE% B (x k ,x l ) 1 



d A x voU,s 
dE c AB {x\x k ) __ i 
d A x voU,s 



S n B (x l (Bc(ecKcx k )). (170) 



The quantities in (|170p give operators that project onto eigenspaces to the 
eigenvalues x k . Sometimes they are called eigenfunctionals or eigendistri- 
butions, since they give a complete and orthonormal set of solutions to the 
equations in ([55]) and ([56}) . 

Let us recall that a projector P has to fulfill the relation P 2 = P, i.e. it 
is idempotent. For the operations in (|170p this property can be checked as 
follows: 

*> dE c AB {x\y k ) y dE c AB {y\xi) 

d A y- 



d A x d\y 

d n A y <5S((e c ®c y k ) ® s n B ((e c K C y l ) ®c x>) 



{voIa,b)' 

(voi AB )- 1 5g((e c ^)®c^) = \ (171) 



dE% B {x\x3) 
d\x 
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and 

dE c AB (x\y k ) y dE c AB {y\V) 



d\y d\x 

1 



d n A yb n B (x l (Be (e c Kcy k ))®$B(y ®c (e c kcx 3 )) 



(vo\ a ,b)' 

(voi^b)- 1 s%{x i @ c (e c kcsp)) = ' ■ ^ 



dE% B (x\~xi 
d n A x 



"A" 

Applying q-deformed integrals to the operators in (1170j) we can construct 
further projectors given by 

1 



V0U,B 



d n A y5 n B ((e C Kcy k )(Bcx l ), (173) 



, . r J dE c AR (x l ,y k ) 



-oo 



1 



V0l A ,B 

For these projectors it holds 



d n A y 

d n A y5 n B (x l @c{QcK C y k )). (174) 



hOO 



t ftxE% B (£>, X >)®f(x t ) 



d A x I d\y 5 n B {(Q c K C y k ) ®c x l ) © f{x l ) 



VOU.B 

d n A yf&), (175) 



and 



d n A xf(x l )®E% B (x\V) 



1 



+oo 

d n A x I t%yf(x i )®S%tf®c(ecKCV*)) 
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dlyfW). (176) 

A short glance at the above calculations tells us that the operators in (|173p 
and (|174p can be viewed as a sum of projectors on eigenspaces whose eigen- 
values are smaller than x k . In this interpretation the q-deformed integrals 
take the role of the sum over different eigenvalues. 

The operators in (|173f) and (I174p can be related to q-analogs of the 
Heaviside function through 

QaAQckcx 1 ) = E% B (x k = 0,x 4 ), 

®a,b(Oc kcx') = E% B (x\~x k = 0), (177) 

if the q-deformed Heaviside functions are defined by 

r0 



VOU.B J-oo 

Q C a,b(x 1 ) = —I— I dly8 n B (x l ®c f). (178) 

Let us recall that in the so-called Dyson series for the time-evolution opera- 
tor the appearance of Heaviside functions guarantees the principle of causal- 
ity. In this respect the following modifications of the q-deformed Heaviside 
functions could prove useful: 

i r° 

®l,b(x 1 ®r(Qrx j )) = — : / dly8l{y k ® R x l ® R {Q R x j )) 

V0l L;jB J-oo 

f dly5 B (y k @ R {e R xi)), (179) 

J —oo 



vol L r 



&R B ((eLX j )® L x i ) = — — [ d R y8 n B {{Q L x^)®LX i ® L y k ) 

VOlK,B J-oo 

= —!— 1^ d R yS B ((Q L xi)(B L y k ). (180) 
Notice that the last equality in (|179p as well as (I180p is a consequence of 
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the relations (see Ref. [37]) 

(yj(B L x k y x * 

J d R x i f(x l ) = J d R x x ftf ® L x k ) 



-oo — oo 



x- 



I d L x i f(x l ) = J d L x { f(x k (B R y j ), (181) 



since they imply 



y i o 

d L x l f(xi) = [ d l x i f{x k ® R y^ 



-oo — oo 

y* o 



J d R x i f(ff) = J d R x' ftf ® L x k ). (182) 

— oo — oo 

As characteristic properties the q-deformed Heaviside functions in (|179p and 
PDjl show 

+oo x 

d n L x 0^(aP (Br (Qr K R x*)) ® f(x k ) 

-oo 



1 



vol L 



and 



+oo px 1 x 

d n L x / d n L y5l(y l (B R (QRKRxi))®f(x k ) 

-oo J — oo 

-I px 1 p+oo x 

— - / d£y / d2x^((efl«fli/')efl^)®/(x fc ) 

VOIL J-oo J-oo 

X (183) 



+oo 

d£x / (x fc ) © 8^((G£ K L X J ) © L x l 

-oo 

+oo 

dfl* / JRyf(x")®8l((e L K L xi)® L y l ) 



1 



voIl 



CO J — oo 



1 «c- r-t-oo a 

— / d&, / d\x f(x k ) ® q& ® L (Gl K L y 1 )) 
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/X % 
' d n R yf(y l ). 
-oo 



(184) 



To gain further insight into the nature of eigenspaces and their eigenval- 
ues, let us take a closer look at q-deformed integrals over the whole space. In 
our previous work (see Refs. [22,37]) we showed that for the quantum spaces 
we are interested in integrals over the whole space are given by products of 
Jackson integrals. Especially, we found 

(i) (quantum plane) 

+00 

J d\xf(x\x 2 ) = -^(D^TTJD^TT^ (185) 

—00 

(ii) (three-dimensional Euclidean space) 

+00 

J d\x f(x + ,x 3 ,x~) 

—00 

(hi) (four-dimensional Euclidean space) 

+00 

J dixfix 4 ^ 3 ^ 2 ^ 1 ) 

—00 

= ^(^^-Tco^-Tco^)- 1 !-*^)- 1 !-*/. ( 187 ) 

(iv) (q-deformed Minkowski space) 

+00 

J dixf(r 2 ,x-,x 3 /°,x+) 

— OO 

= -^(9A + ) 3 (^- 1 )-rco(^rTco(^)-rco(^)" 1 |-oo/. 

(188) 
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where the Jackson integrals [52] are given by (a > 0, 1 < c < q a ) 

oo 

(D q±a )- 1 \™f = T(l-q ±a ) £ (cq ak )f(cq ak ), 

fc=— oo 
oo 

(zv«rT-ao/ = ±(! - ? ±a ) E ( c <? afc )/(- c 9 afe )- ( i89 ) 

fc=— oo 

Notice that in (|188p we introduced A+ = (/ + <jr . The expressions in (|185D - 
(|188p allow us to read off the eigenvalues, i.e. the physical values which 
characterize the outcome of position (or momentum) measurements. 

To reach this goal we assume the existence of a representation in which 
normally ordered monomials become diagonal [50]. In other words, the 
representation space is spanned by normalized vectors subject to 

(x l r(x 2 r. . . {x n y-\v\ . . . , v n ) = {c v it M*». . . (cvO'V, . . . , v n ), 

(190) 

and 

(u 1 , . . . ,u n \v x , ...,v n } = S u i jV i . ..5 u n :V n, 

1= Yl \v\...,v n )(v\---,v n \. (191) 

Each polynomial or power series of normally ordered monomials acts on this 
basis as 

f(X\ . . .,X n )\v\ ...,v n ) = f v ,_ v Av\ ■ ■ -,v n ), (192) 

with 

/„!,..., v n = (v\...,V n \f(X\...,X n )\v\. ..,V n ), 

= f(c v i,c v 2, . . . ,C v n). (193) 

As soon as we know the values c v i we are done, since they determine the 
spectra of position operators. The polynomial or power series itself can be 
represented by the diagonal operator 

f(X\...,X n )= £ \v\...,v n )f vl _ vn (v\...,v n \. (194) 

However, there is one subtlety we have to take care of. If we consider 
products of power series the coefficients in (|193p have to be multiplied via 
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the star product, i.e. 

g{X\...,X n )f{X\...,X n ) 

= \ v1 t--> vU )9v\...,v™ ®f V i,. ..,v» (v 1 ,---,V n \ 

= \v\...,v n ){g®f) v t^ vn {v\...,v n \. (195) 

Finally, we introduce a vacuum state by 

io}^ Yl i^---^ n >> ( 196 ) 

for which we require to be invariant under translations and symmetry trans- 
formations, i.e. 

d i \0} = 0, h\0)=0, (197) 

where h denotes an element of a Hopf algebra describing the quantum sym- 
metry of our quantum spaces. 

In what follows it is important to realize that an integral over the whole 
space corresponds to an operator being diagonal in the following sense [47, 
49,50]: 

+oo +oo 

[ d n A x = J>\. ..,«">( / d n A x) (v\...,v n \. (198) 

— oo — — oo 

The integral of a function is then defined as an expectation value taken with 
respect to the vacuum state: 

+00 +oo 

j (F A xf= (0| j d n A xf(X\...X n )\0). (199) 

— oo — oo 

Inserting (|194p . (|196p . and (|198p into the right-hand side of the above equa- 
tion leads us to 

+oo +oo 

f d n A xf = Y( I d A*) vv k- (200) 

v -'- 
— oo — — oo 

Comparing this result with the expressions in (|185p - (1188p . we can make the 
following identifications: 
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(i) (quantum plane) 

+00 

(|4x)^ = (, 2 -i) 2 (W" 1 )(W" 2 ), 

—00 

fv = f(±a iq 2v \±a 2 q 2v2 ), v i € Z, (201) 

(ii) (three-dimensional Euclidean space) 

+00 

( J dlx) vv = (q 4 - 1)V - l)(±a + q 4v+ )(±a 3 q 2va )(±a^-), 

—00 

f 3L =f(±a + q 4v+ ,±a 3 q 2v3 ,±a-q 4v -), v A G Z, (202) 

(iii) (four-dimensional Euclidean space) 

+00 

( J dlx)^ = {q A - l) 4 (±a 1 ^ 1 )(±a 2 ^ 2 )(±a 3 ^ 3 )(±a 4 ^ 4 ), 

—00 

/„ = f(±a iq 2v \±a 2 q 2v2 ,±a 3 q 2v3 ,±a 4 q 2v4 ), v l € Z, (203) 

(iv) (q-deformed Minkowski space) 

+00 

( J d\x) vv = (1 - g- 2 ) 4 (±a r2 ^ r2 )(±a + ^ + ) 

—00 

x (±a 3/0 ^ 3/0 )(±«_g 2 M, 
/, = /(±a r2 ^ r2 ,±a + ^ + ,±a 3 /o^ 3/ °,±«-^), € Z (204) 

where the set of constants a; £ C characterizes the underlying representa- 
tions (see also the discussion in the next section). This way, we found as 
matrix elements for our integral operator the q-deformed volume elements. 
(Notice that the size of these volume elements depends on their positions 
in space.) Furthermore, we see that the values for c v i are given by integer 
powers of q (up to a constant and a minus sign) This observation confirms 
the discrete character of our theory once more. 
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5 Physical interpretation of the formalism 



In this section we would like to give the axioms of a q-deformed version of 
quantum kinematics . We start from the observables, which mathematically 
amount to operators on the vector spaces in question. The observables we 
are dealing with are position or momentum components. Opposed to the 
classical case the components X 1 of the position operator do not commute 
among each other and the same holds for the components P l of the momen- 
tum operator. More concretely, the components of position and momentum 
operator fulfill as commutation relations 

(P A )% X k X l = 0, {P A )% P k P l = 0. (205) 

where Pa denotes a q-analog of an antisymmetrizer. For this reason we 
cannot expect to find simultaneous eigenstates of the components of the 
position operator (momentum operator). In other words, there is no pos- 
sibility to make sharp position (momentum) measurements. However, we 
can circumvent this problem if we require for the components of the posi- 
tion operator (momentum operator) to be applied in a certain order. This 
means, for example, that we first measure the component X 1 , then the 
component X 2 , and lastly the component X n . Each measurement yields a 
certain value. Due to the non-commutativity of the components of the po- 
sition (momentum) operator each measurement depends on the outcome of 
the previous ones. However, the incompatible measurements are carried out 
in a fixed order and this regulation guarantees that the physical states are 
uniquely characterized by the results for the measurements of the different 
components. 

This interpretation is in complete accordance with the existence of a 
representation as it is defined in (|190f) and (|19ip . The states for which nor- 
mally ordered monomials in quantum space become diagonal are sometimes 
called quasipoints [50]. From the discussion in Sec. H]we know that the set 
of quasipoints establishes a lattice whose spacings grow exponentially with 
the distance from the origin. The question now is how does the existence of 
discrete points fit together with the statement that we can not make sharp 
position measurements. This can be understood as follows. Each quasipoint 
represents a region having the size of the corresponding q-deformed volume 
element [cf. (120ip - (l204p ]. If we change the order in which the components 
of the position operator are measured the coordinates for the quasipoint 
change, too. In other words, the coordinates describing the location of a 
quasipoint depend on the choice for the normal ordering of the components 
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of the position operator. However, all possible eigenvalues characterizing 
the same quasipoint for different normal orderings lead to ordinary points 
which lie in the region represented by the quasipoint under consideration. 
For this reason a quasipoint can be viewed as a region ('eigenregion') be- 
ing labeled by the coordinates of a single point in that region. Normally, 
we have no control over the order in which the components of the position 
operator are applied when a measurement of position is performed. Thus, 
such a measurement can lead to any point within the region represented by 
a quasipoint, i.e. we only know in which 'eigenregion' our object is located, 
but we are unable to determine its precise position within this region. 

Let us once more return to the commutation relations in (|205H . It should 
be obvious that they are part of q-deformed canonical commutation relations 
for position and momentum operators. It remains to write down the com- 
mutation relations between a momentum and a position operator. Since 
momentum operators amount to partial derivatives on position space, i.e. 
pk _ - Y Qk ^ thggg relations follow immediately from the Leibniz rules for q- 
deformed partial derivatives. However, there are two choices for a differential 
calculus on quantum spaces. So we have two possibilities for a q-deformed 
commutator between momentum and position operators [32]: 

P k X l - fc(A _1 )mn X m P n = ig kl , 
P k X l - k- 1 ^ X m P n = ig kl , (206) 

where -R^n an d (-R -1 )mn denote the vector representations of the universal 
R-matrix and its inverse, respectively. One should also notice that we intro- 
duced the quantum metric g kl together with its conjugate version g l K (In 
the case of the quantum plane it holds g %3 = —g %3 and otherwise we have 
q % 3 = g % 3 .) For the concrete values of the constant k see Ref. [37]. 

Up to now, we have concentrated our attention on momentum and po- 
sition operators. Next, we would like to say a few words about the vector 
spaces on which these operators act. As it was pointed out above momentum 
and position operators can both be represented on the space of quasipoints. 
Four our purposes it is sufficient to deal with a certain subspace of the vector 
space of quasipoints. The elements of this subspace are obtained as follows. 
Consider a polynomial or power series f{X l ) {f(P 1 )) in the components of 
the position operator (momentum operator). It is important that the com- 
ponents of position operator (momentum operator) are arranged in normal 
ordering. This task can always be achieved by the commutation relations 
in (I205j) . Then we simply let f{X r ) (f(P r )) act on the vacuum state |0). 
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The subspace we are interested in consists of all elements we can get in this 
manner, i.e. 

\f) x = f(X\...,X n )\0) x , (207) 
and similarly for the momentum operator 

|/) P = /(PV..,P")|0) P . (208) 

The state \0) x is referred to as the vacuum of the quasi-position representa- 
tion and |0) p as that of the quasi-momentum representation. The two vacua 
are subject to 

F i \0) x = 0, X*|0) p = 0, (209) 

i.e. |0)a; has zero momentum and |0} p describes the origin of position space 
(where the observer is located). The corresponding dual spaces are made 
up by the vectors 

x (f\ = x (0\f(x\...,x"), 

P {f\ = P (0\f(p\...,p n ). (210) 
Finally, let us note that in this formalism the sesquilinear forms become 

/+oo . r+oo . x 

d%x\g) x = J2 ( / d n A x) (f®g) v , 

d n AP \g) P = Y, ( / d AP) (f®9)v (211) 

Of course, nothing prevents us from introducing tensor products of the 
states in (|207|) and (|208|) , Again, such states can be generated by applying 
functions, living in a tensor product of quantum spaces, to a tensor product 
of vacuum states. Such states become relevant if we are seeking solutions to 
the equations 

X { | / ) xm = (X { ®l)\f ) xm = \f®e ) x ^, (212) 

and 

P k \f) xm = i}d k ®l)\f) xm = \f®p k ) mx . (213) 

From Sec. 13.11 we know that the states subject to these equations are gen- 
erated by position and momentum eigenfunctions. Due to (|5ip and (|55p we 
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have 



X i | u y (x j ) ) xm = X 1 u Y (X j ) \0) xm 

= u Y {X3){l®Y i ) \Q) xm 

= \u y (x j )®y i ) x ® y , (214) 

and 

id k \ u p (x j ) ) x ® p = {id k <g> 1) u P {X j ) \0) x<Sp 
= u P (Xi)(l®P k ) \0) x ® p 

= \u p ( y x j )®p k ) x ® p . (215) 

To sum up, in the vector space of states | / ) x ®y there is a subspace spanned 
by the eigenstates of the position operator. Analogously, the vector space of 
states | / ) x ®p contains a subspace with momentum eigenstates. The states 
being dual to those in (|214p and (|215p can be respectively read off from the 
correspondences 

x(g>y( { u Qrv)L\Ql X 1 ) | | (Uft)y(x l ) ) x <g,y, 

x®y( ( u e L y)R(QR x% ) I I ( u l)v( xl ) )x®v> ( 216 ) 

and 

x®p( (ur,l)g rP (x 1 ) I <-» I W- (217) 

These considerations also hold with some slight modifications if we use the 
eigenf unctions u p (x^) and u^(x^), instead. 

From a physical point of view the subspace spanned by position (mo- 
mentum) eigenfunctions is still too big. For this reason, let us return to the 
sesquilinear forms in (j39H and (|40p . In analogy to the undeformed case we 
require for a physical wave function ip(x k ) in position space to satisfy 

(iP(x k ),^(x l )) hx = l, (218) 

or alternatively 

(^(x k )Mx% tX = l. (219) 

This means that in the vector space spanned by position eigenfunctions we 
restrict attention to the subspace with elements fulfilling the property in 
(|218p or (|219p for a certain i = 1,2. The elements of this subspace are 
referred to as wave packets, since they can be written down as expansions 
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in terms of position or momentum eigenfunctions [cf. Sec. 13. 2 j . Obviously, 
(|218p and (|219p describe the postulate that physical wave functions have 
to be normalized to unity. This condition is essential for the probabilistic 
interpretation of quantum mechanics. 

As is well-know position and momentum operators act on wave packets. 
Quantum mechanics tells us how to combine operators and wave-packets to 
yield measurable expectation values. We define the expectation value of an 
operator A taken with respect to a wave packet ip(x k ) by 

{A^ i!X = {i>,A>i>) itX , (220) 

or 

(A^ x = (i;<A,^y. )X . (221) 
For this to make sense, we additionally require that 



= (A<p)i, x , (Ap)' i:X = (Ap)'^. (222) 

This condition ensures that expectation values are real quantities. We will 
show that for real combinations of position or momentum operators these 
requirements are fulfilled: 



\ I x 

(ip, -{X k + X k )t>ijj) = (tp, -(x k + x k )®i)) 

2 i : x 2 i,x 

x 1 x 

dfxip(xi) ® -(x k + x k ) ® ip(x l ) 

oo 2 
+oo x j x 

diXi(j(x l ) ® -(x k + x k ) ® i)(x 3 ) 

oo 2 

(l& k ( 223 ) 



and 



(if), -(P k + P fc )i>V) = (ip, -{\d k >il) + \d k >i))) 

2 i,x 2 i ,: 
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d£x -(ijj(x l ) <sid k + i;(x l )<iid k ) ® ^(x j ) 




(224) 



Similar arguments lead us to 



{\(p k +p~%)l- 



{\{p k + P k W' ir 



(225) 



As we know from the discussion in Sec. 13.21 each wave function can be 
expanded in terms of position or momentum eigenfunctions. If a physical 
system is initially characterized by a wave function ip(x l ) the corresponding 
expansion coefficients should determine the probability for the system to be 
thrown into a certain quasipoint by a measurement of position or momen- 
tum. We also know that the expansion coefficients in a position basis are 
given by the wave function itself. Thus, it seems likely that the quantities 



have the meaning of a probability density for finding a system at a certain 
position. 

To get the probability density for finding a system in a certain mo- 
mentum state, it is useful to rewrite the normalization conditions and the 
expectation values in terms of the Fourier coefficients of the wave function 
ip{x l ). It is well known that the Fourier coefficients determine the expan- 
sions of wave packets in terms of momentum eigenfunctions. Notice that we 
have different Fourier expansions for one and the same wave function %jj(x l ). 
The Fourier coefficients being relevant for what follows are given by 




(226) 



and 




(227) 



(ca)p = f A ^(x l ))( P k )i (ca)* p = nWx l ))(p k ). 



(228) 
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Now, we are ready to rewrite the normalization conditions (|218p and 
(|219p . With the help of the Fourier-Plancherel identities we get, at once, 

l = (iP(x k ),i>(x l )) ltX 

f+°° 1 p p 

= / d lP -((c R ) p ®(ci) K ~i p + (c* L ) K -i p ®(c R ) p ), (229) 

J — oo z 

l = (xli(x k ),i>(x l )) 2ix 

r+°° \, P P 

= / d 2P -((c R ) p ®{c* L ) Kp + (cl) Kp ®{c R ) p ), (230) 

J —oo ^ 



and 



l = <^x fe ),^)>' M 

= i(^LW,^W(«-V))^ + 5<^W(«-V),^W)i iP 

r+°° i . P p , 

= y d lP -((c L ) p ®(c* R ) K -i p + {c* R ) K -^®{c L ) p ), (231) 



+°° 1 p p 

^Z/fiP ^ ((cl)p © W + (^) K p © (c £ )p ) • (232) 

It is also very instructive to formulate the expectation values of mo- 
mentum operators in a momentum basis. Applying the Fourier-Plancherel 
identities now yields 



( l -{p k + p^W 1>x = (v, \^ k >^ + w*Zi>)) lr 

= \(T R {^md k >^){K-^)) lp 



■V 
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= ^WO,^®^M(k-V)> 1>p 

= y diPjC^p®^®^- 1 ? 

+ (^)«-i p ®P*®(cfl) P ), (233) 



and 



<^(P fc +^>' M = <^(V<(i^)+^^),V'> / M 

= i<^^^(ia fe )),^w( K -V)>; iP 

+ i<^i^^)( K -v),^(v)>; )?) 

/+°° 1 p p 

diP-{(c L ) P ®P k ® (c* R ) K -i p 

+ {c* R ) K -^®P^®Wh)- ( 234 ) 
In very much the same we obtain 

(\{P k + P~%) 2 , x 

= / d 2 p \ ( (cfl)p I p k © (c|) Kp + (c£ ) Kp © p* © (c fl )p) , (235) 

J-oo * 



2,x 



= / + ^pk(c i :) P ©/©(c| ? ) Kp + (^) Kp ©^©(c z ) p ). (236) 

For the sake of completeness we wish to present the expectation value 
for position operators in a momentum basis. We have 

{\(X k + ^h\ x = <^(** + ~ k ) ® 
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= ^<^jiW,ifl fc ^W(«-V)> 1>x 

/+°° \ p p 
diP^({c R )p®(id k >(c* L ) K -i p ) 

+ WX^ p ®(^>(cr) p )), (237) 

and 

{\{x k + x-%)' lx = <y> ® i(x fc + ^),y,)' M 
= ^^L(^®x fc ),^w(«-V)> ljX 
+ ^^(^®^)(«-V),^lW>' 1):b 

/+°° 1 p p 

-oo z 

+ ((4)*-^^)®^)- (238) 

Likewise we get 

(-(X k + X%) 2tx = J ^ d 2 p-((c R )p®(id kP >(cl) Kp ) 

+ Wh P ®{^ k l{c R ) p )), (239) 

(-(X k + X%)'^ = J ^ d 2 p-(((c L )p P <(id k ))®(c* R ) Kp 

+ {(c r ) kp I&)®J5lT p ). (240) 
These formulae should make it obvious that the probability densities for 
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meeting a system in a quasi-momentum state are given by 
1 



1 



- ( (c R ) p ® (c* L ) K -i p + (c* L ) K -i p ® (c R ) p ) , (241) 



i 



ly ( (cfl)„ © (c£) Kp + (c* L ) Kp ® (cfl) p ) , (242) 



and 



^ ((cl) p © (c*j) K -i p + (c R ) K -i p ® (c L ) p ) , (243) 



i 



2 ® ^ r )k P + (c* R ) Kp ® (c l )p ) • (244) 

6 Quantum mechanics with Grassmann variables 

Up to know attention was focused on symmetrized quantum spaces, only. 
However, nothing prevents us from considering antisymmetrized quantum 
spaces as well. In Refs. [24] and [25] it was shown that all arguments lead- 
ing to q-analysis on symmetrized quantum spaces carry over to antisym- 
metrized quantum spaces without any difficulties. The only difference is 
that for q-deformed superanalysis we have to deal with the category of an- 
tisymmetrized quantum spaces, while the objects of q-analysis refer to the 
category of symmetrized quantum spaces. 

In this manner, it should be evident that the considerations in Part I 
of this paper, especially those about Fourier transformations, remain valid 
if we substitute for the operations of q-analysis the corresponding ones of 
q-deformed superanalysis. More concretely, this means that star products 
have to be replaced by the q-deformed Grassmann product: 

III") lg(at) ■ f {<>')'■ (,[(>' ). (245) 
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Furthermore, we have to use braided products and q-translations for anti- 
symmetrized quantum spaces. Instead of partial derivatives acting on sym- 
metrized quantum spaces we now apply derivatives for q-deformed Grass- 
mann variables: 

<y>fu>) ■<>''> fun. 

d^f(x j )^d i lf(9 j ), (246) 

f(x j )^\d i f{9 j ) e <\d\ (247) 

Finally, integrals and exponentials on symmetrized quantum spaces have to 
be substituted by their counterparts for antisymmetrized quantum spaces: 

/+oo P 
d n A xf(x*)^ d n A 9f(9*), (248) 
-oo J 

exp(x k \r 1 p l ) AjB -» exp(0 fe |ry)A,B, 

exp(i~V|x fe ) AiB -> exp(rV|0 fc ) A)B . (249) 

We are now ready to write down Fourier transformations for Grassmann 
variables, i.e. 

FUf)(p k )^ J w(^) %x P (^ |ry )iu, 

Fdf)(p k ) = J dZxf{0 i ) 9 -exp{Oi\r 1 f fi) RiL , (250) 

FR<J)tf) = J d n R x exp(rV|^'y £ e /(n, 

•WX/) = J d\x eMr'p^n/- f(n (251) 

Notice that the Grassmann variables p k play the role of momentum coor- 
dinates on antisymmetrized quantum spaces. In complete analogy to the 
symmetrized quantum spaces, delta functions for Grassmann variables are 
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^iven by 



5 n L (p k ) = F L (l)(p k ) = J dSflexp^irV)^, 
5l(p k ) = F L {l)(p k ) = J ^exp^lrVUz, 



(252) 



5 n R (p k ) = T R (l)(p k ) 



5l(p k ) ee T R (l)(p k ) = I d n R e exp(i-V fe |^')K, L . (253) 

Inserting the concrete expressions for integrals and exponentials (see Ref. 
[25]) a straightforward calculation yields 

(i) (quantum plane) 



Sl(p h ) = sl( P k ) 

= s 2 R (p k ) 

(ii) (three-dimensional Euclidean space) 



P 2 P\ 
P X P\ 



(254) 



W) = 4(p ) 
$l(p k ) = 

(hi) (four-dimensional Euclidean space) 



*P P P , 
ip~p 3 p + , 



(255) 



Sj(p k ) 



s R (p k ) 
4(p fc ) 



pVpV, 
pVpV, 



(256) 



(iv) (q-deformed Minkowski space) 



5Hp k )=p-p^p 3 p + , 5 R (p k )=P + P 3 P 3/ °p-, 

8\{ P k ) = p + p 3 /Vp- 4(/) = pVp 3/ V- 



(257) 



The volume elements for antisymmetrized quantum spaces are again defined 
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as integrals of delta functions: 



vol R 



vol 



vol L 



vol £ 



R 




(258) 



(259) 



From these definitions together with the results of Ref. [25] we get, at once, 

(i) (quantum plane) V0L4 = 1, 

(ii) (three-dimensional Euclidean space) V0L4 = i, 
(hi) (four-dimensional Euclidean space) vol a = 1, 
(iv) (q-deformed Minkowski space) V0L4 = 1, 

where A <E {L, L, R, R}. 

All relations fulfilled by the elements of q-analysis have a counterpart 
in q-deformed superanalysis. The reason for this lies in the fact that q- 
deformed superanalysis is based on the same abstract ideas as q-analysis. 
Thus, the substitutions in (|245p - (|249p represent an easy way to derive the 
identities of q-deformed superanalysis from those of q-analysis. 

Next, we turn to sesquilinear forms for supernumbers. They are given 



To be prepared for concrete calculations we would like to present explicit 
formulae for these sesquilinear forms. (I am very grateful to Alexander 
Schmidt for doing these calculations with Mathematica.) Using the results 
and the notation of Refs. [24, 25] we have 

(i) (quantum plane) 



by 




(260) 



(f^) Li6 = (f,g) Rte 
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= f'92i-f2i9' + q~ 1/2 fi9i+q- 1/2 f2 92, (261) 
= J 912 - ~U~2 9' ~ q 1/2 Ti 9i ~ q 1/2 T2 92 , (262) 
= -f'92l + f2i9 7 -q- 3/2 fi9l-q 1/2 f2M, (263) 

{fi9)'- Lfi = {f,g)' Rfi 

= -f'g^+fi27+q- 1/2 fi9T+q 3/2 f2 9^, (264) 

(ii) (three-dimensional Euclidean space) 

{f,9) L:e = {f,g) Rfi 

= f'9+3- - q~ 1 f+ 9+3 - q~ 2 f3 9+- - q^f-93- 

+ <T 3 i+3~5+ + q- 2 ~U~-93 + g _3 7&- ~ q~ 4 J+3~g' , (265) 
(f^) Ly6 = (f,9) Rfi 

= f'g-3+ - qf-9-3 - q 2 hg-+ - qf+g3+ 

+ q 3 7~3g- + q 2 7^93 + q 3 J^g+ ~ q 4 J^g', (266) 

(f>9)' Lfi = (f^Y^e 

= -q~ i fg^ + q~ 1 f+gT3 + q~ 2 f3gT^ + q^f-g~3~ 

- qfs+gT - q' 2 U^ - q~ 3 f3-g^ + f+3-g 7 , (267) 

(f, 9)1,0 = (f>9)'R,e 

= -q 4 f'g^3+ + q^f-g3~ + q 2 f3g~+ + q 5 f+gJ+, 

- q^fsgZ - q 2 f-+M - q 3 f3+W + f-3+7, (268) 
(hi) (four-dimensional Euclidean space) 

(f,9) L ,e = (f>9) Rje 

= f 51234 - qfl 5123 + 9/2 5124 ~ qf3 5134 

- 9 2 /l2 512 + q 2 f 13 513 - 9 2 /23 514 ~ <? 2 .fl4 523 
+ 9 2 /24 524 - <7 2 i34 534 + g 3 /l23 5l ~ ? 3 /l24 52 
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+ q 3 fi34 93 + q 4 f 1234 9', (269) 
{f>9)z t0 = {f,9) Rt e 

= f 54321 + q~ l h943i - q~ x h94i\ + q~ l i '15321 

- q~ 2 f 43943 + q~ 2 f 42942 ~ 9~ 2 /32 541 ~ 9~ 2 /ll 532 



+ 9 /31 531 - q /21 521 + 9 /321 51-9 /431 53 

+ q- 3 7^92 + q' 4 7^g', (270) 

{f>9)' Lfi = {f,9)' Rfi 

= q A f 51234 - 9/l 5123 + q 3 f2 5124 ~ q 3 h 5134 

- i 'l2 512 + /l3 513 - 9^23 514 + <? 4 /24 524 

- 9 4 /34 534 - 9 2 /l4 523 + 9~Vl23 Si ~ ?/l24 52 

+ 9/134 5I+/1234 5 7 , (271) 

(f>9)' Lfi = {f,9)' Rie 

= q~ 4 f' 5432T + q~ 3 hmi- q~ 3 f2 542T + 9~ 5 /i slm, 

- f 43 9l^ + f 24 924 — q 2 f32~9~41+q 4 f 31 931 

- q'^hl 921 - q~ 2 f 41 932 - 9 _1 /431 53 + 9 _1 /421 52 

- <T 3 /32i ST + /4321S 7 , (272) 
(iv) (q-deformed Minkowski space) 

(/'5>r e 



/' 5-3/0,3+ + 9/- 53/0,3- - /3/0 5-3+ + 9^3 S-,3/0, 



- ?/+ 53/0,3,+ + 9' /-3 S-,3/0 - qf-,3/0 9-3 ~ q /-+ 53/0,3 
+ 9 2 /3/0,3 5-+ + (q ~ q 3 ) f 3/0,3 53/0,3 ~ ? 3 /3+ 53/0,+ 

+ 9/3/0,+ 53+ + q 3 f- ,3/0,3 5- - 9 4 /-3+ 53/0 + 9 2 /-,3/0,+ S3 

- 9 3 /3/o,3+ 5+ - 9 4 /- ,3/0,3+ 5, (273) 

= /' 5+3,3/0,- + 9~V+ 53/0,3 - f 3/0 9+3- + 9~ 2 /3 S+,3/0- 



9 /- 53/0,3,- + 9 /+3 S+,3/0 - 9 /+,3/0 5+3 

9~ 2 /+- 53/0,3 + 9" 2 /3/0,3S+- + (9 _1 - 9" 3 ) /3/0,3S3/0,3 
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-q 3 /3-S3/0- +<7 V3/O- 53- + <? 3 /+,3/0,3 5+ 

- Q~ 4 f+3- 93/0 + Q~ 2 f +,3/0 ,- 93 ~ q~ 3 h/o,3- 9- 

- f 4 / + ,3/o,3-j' (274) 

= f 5+3,3/0,- + q _1 f+ 5+3,3/0 - q~ 2 f3 9+,3/0- + f 3/0 9+3- 

- q~ x J- 53,3/0,- - q~ 3 f+s g+,3/0 + ? _1 /+,3/0 5+3 

- q~ 2 f+- 93,3/0 + q~~ 2 f 3,3/0 g+- + (-T 1 - g" 3 ) /s,3/o 53,3/0 

+ 9 _3 /3- 53/0 - - ? _1 /3/0,- 53- + q~ 3 f +3,3/0 9+ 
+ q~ A f+3- 93/0 - q~ 2 f +,3/0- 93 - q~^f 3,3/0- 5- 

- TV+3,3/0,-5', (275) 

= J "5-3,3/0,+ + qf -9-3,3/0 ~ q 2 f39+,3/0 - + J 3/05-3+ 

- qf +93,3/0,+ ~ q 3 f-39-,3/0 + qf-,3/09-3 

- q 2 J '-+53,3/0 + q 2 f3,3/o9-+ + (q- q 3 ) 73,3/053,3/0 

+ q 3 f3+93/0,+ - qh/0,+93+ + q 3 f -3,3/09- + q 4 f-3+93/o 

- q 2 f-,3/o,+93 - q 3 f3,3/o,+9+ - q 4 f -3,3/0,+ fg', (276) 

and 

</>5)' L , e 

= -g 4 /'5-,3/0,3+ - 5- ,3/0,3 + 9 4 /3/05-3+ ~ <? 2 /35-,3/0,+ 

+ 9 5 /+53/o,3+ - q^fsg-, 3/0 + ?/- ,3/05=3 + q 2 f-+g3/bls 

+ (q~ ^ 3 )/3/0,353/0,3 - 9 2 /3/0,35-+ ~ ^ 5 /3/0,+53+ 

+ 9 3 /3+53/o,+ - q~ 1 f-,3/o,3~g~ - q 2 f-,3/o,+g3 + /- 3+53/0 

+ q 3 f3/o,3+W + Z-,3/0,3+5 7 , (277) 

(/>5>z,0 

= -9~ 4 /'5+,3/0,3- - 9 _1 /+5+,3/0,3 + 9~ 4 /3/05+3- 

- q~ 2 f3g+,3/o- + 9" 5 /-53/o,3- - qf+3g+~J/o 
+ q~ 1 f+,3/o'g+3 + q~ 2 f+-g3/b~3 

+ (g _1 - g~ 3 )i '3/0,353/oJ - q~ 2 f3/o,3~g+~ - q^f3/o,-gT= 
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+ <7 3 /3-53/0 - - <lf +,3/0,39+ + f +3-93/0 

+ ^ 3 / 3 /0,3-^ + /+.3/0.3-F, (278) 

= -Q~ 4 f 9+3,3/0 ,- - Q' 1 f +9+3,3/0, - 9~ 4 /3/o5+3- 
+ Q~ 2 f39+,3/o- + Q~ 5 f-93,3/o,~ + lf+39+,3/0 

- 9 _1 /+,3/O0+3 + q~ 2 f+-g^ + (q~ l ~ Q~ 3 )f 3,3/093~3/0 
~ Q~ 2 f3,3/09+~ + q~ 5 f3/0,-93~ - q^h-W/o^ 

- Qf+3,3/09+ + 1~ 2 f+,3/0,-93 - f +3-93/0 

+ <T 3 /3,3/o,-^ + 1+3,3/0,-?, (279) 

(f'9)' R>0 

= -Q A f 9-3,3/0,+ - qf-9-3,3/0, - q 4 f3/09~3+ + q 2 f39-,3/0,+ 
+ Q 5 f +93,3/0,+ + q^f-39-,3/0 - qf-,3/09^3 + q 2 f-+93~J/0 
+ (q - q 3 )f 3,3/093~3/0 - Q 2 f3,3/09^+ + <? 5 /3/0,+#3+ 
~ 1 f3+93/0,+ - <f f -3,3/09^ + q f-,3/0,+93 ~ f -3+ 93/0 
+ Q 3 f 3,3/0,+W+ f -,3/0,+?- (280) 

The sesquilinear forms defined by (|260p again behave like scalars. Thus, 
many results about sesquilinear forms on symmetrized quantum spaces (see 
for example the reasonings about adjoint operators, invariance properties of 
sesquilinear forms, and Fourier-Plancherel identities in Part I of this paper) 
carry over to antismmetrized quantum spaces. The corresponding relations 
are again obtained by applying the above mentioned substitutions. In this 
regard it should also be mentioned that the constants ka have to be specified 
as follows: 

(i) (antisymmetrized quantum plane) 

K = k~ l = k r = { KL )~ l = (k^)' 1 = q 3 , (281) 

(ii) (antisymmetrized three-dimensional Euclidean space) 

k = k l = kr = (kl)' 1 = (kr)- 1 = -q~ e , (282) 
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(iii) (antisymmetrized four-dimensional Euclidean space) 

K = Ki = k r = {ulY 1 = {hjiY 1 = q~ 4 , (283) 

(iv) (antisymmetrized q-deformed Minkowski space) 

k = k l = KR = (kl)- 1 = (Kfi)- 1 = q A . (284) 

Now, we come to eigenfunctions of position and momentum operators 
on antisymmetrized quantum spaces. These functions are respectively char- 
acterized by the equations 

u n {9i) V~77* •u 7? (^') J (285) 

and 

id k lu p (ei) = u p (ei) p P k , 

u p {6 j )<(id k )=p kP u p {6 j ). (286) 

Solutions to these equations are given by 

(u A ) v (8 l ) = (voU)- 1 5W ®a (QAKArf)), 

{uaW 1 ) = (voU)- 1 8%((e A K A rf ) ® A P), (287) 

and 

Kl)p(^) = (vol L )-V*eMn- 1 P k )ii,L, 

Kl)p(^) = (volz)" 1 / 2 exp(fl*[r V)^, (288) 

{ur,lW) = (vol^)- 1 / 2 exp(rV fc |^)«, L , 

i*R,lW) = (voli?r 1/2 expCrVie*)^, (289) 

where for the volume elements we have to take the expressions in (|258p and 

Again, these eigenfunctions fulfill completeness and orthonormality re- 
lations. Their explicit form can be read off from the results in Sec. 13.21 
and 13.31 We would like to illustrate this by an example. For example, the 
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identities (|88|) and (|97j) correspond to 



= (-i) n ((u L ue*),(u R ue k )) Lv 

= (vol^)- 1 ^ (B R (Q R k-W)), (290) 



and 



J dl6{u R ) n (6i) e {u R ) v (6 l ) 



{-i) n {{u R uvuu L ) v (e 1 ))' 



1 L,e 

(vol^W^ei^V)), (291) 



The operators associated with Grassmann position and Grassmann mo- 
mentum act on supernumbers as 

N k lf(6 j ) = e k9 f{6 j ), f(6 j ) 6 -6 k = f{9 j )<Af k , (292) 

and 

V k I f(9 j ) = id k > f(9 j ), V k > f{0 j ) = id k > /(^'), 

v k if{ei) = id k lf{d j ), v k if{e j )=\d k lf{e j ), (293) 

/(^') V = /(^') < (i3 fc ), f(W)«P k = f(V) < (id k ), 

f(9 j ) 6 <r k = f(ei) e <(id k ), f(P) e <v k = f(ei) 6 <(iB k ), (294) 

Their matrix representations are obtained from the results in Sec. I3.4l by the 
very same method that enables us to find the completeness and orthonor- 
mality relations for Grassmann eigenfunctions. For example, we find from 
(gMD and CH7D that 

= (voi R )- 1 fj mfi -5l(fp® R (eRKv i )) 

= (vol fi )- 1 ^((e R ^) ® R rf)% m , (295) 
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and 



= {vol R )- l 5%{ff ® R (Q RKV r ))l(id m ), (296) 

Expectation values and probability densities can be denned in complete 
analogy to the reasonings in Sec. [5l Thus, the details are left to the reader. 

Our last comment in this section concerns the canonical commutation 
relations for the operators M l and V 1 . The components M % satisfy among 
each other the commutation relations for q-deformed Grassmann variables 
(for their explicit form see for example Ref. [24]) and the same holds for 
the operators V 1 . Again, the commutation relations between V % and N l 
are nothing other than the q-deformed versions of antisymmetrized Leibniz 
rules: 

V k M l - k{Rr l )^ n N m V n =ig kl , (297) 

or 

V k M l - k- x R k i n M m V n = ig kl . (298) 
The values for k are now given by 

(i) (quantum plane) k = 1, 

(ii) (three-dimensional Euclidean space) k = q~ A , 
(hi) (four-dimensional Euclidean space) k = q , 
(iv) (q-deformed Minkowski space) k = g . 

7 Conclusion 

Let us conclude our reasonings by some remarks. Within the mathematical 
framework we completed in Part I of this article by introducing Fourier 
transformations and sesquilinear forms on q-deformed quantum spaces we 
developed basic concepts of quantum kinematics on q-deformed quantum 
spaces. This task could be achieved in complete analogy to the classical 
situation. As a consequence of this observation we should regain the classical 
theory when the value of the deformation parameter q tends to 1. 

To give our formalism a physical meaning we introduced the idea of 
so-called quasipoints. Such quasipoints can be considered as elements of 
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certain vector spaces. In these vector spaces we were able to identify q- 
analogs of momentum and position eigenfunctions. Using the results about 
q-deformed Fourier transformations in Part I we showed that these eigen- 
functions establish orthonormal bases in q-deformed position or momentum 
space. In analogy to the undeformed case physical wave packets are char- 
acterized by normalization conditions formulated by means of symmetrical 
sesquilinear forms. The observation that wave packets can be expanded 
in terms of position or momentum eigenfunctions enabled us to introduce 
transition probabilities and expectation values in a consistent way. With 
these examinations we laid the foundations for describing free particles in 
q-deformed quantum mechanics. 

However, there is one essential difference between the deformed and the 
undeformed theory. As already mentioned in Part I of this article, we can 
distinguish two geometries that transform into each other via the operation 
of conjugation [51,53,54]. These geometries correspond to the two categories 
characterized by the braidings ^ and \P — 1 . In a q-deformed theory we have 
to combine both geometries to get real quantities. In the undeformed case 
this problem does not arise, since both geometries become identical in that 
limit. 
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A Quantum spaces 

In this appendix we provide some key notation for the quantum spaces we are 
interested in for physical reasons, i.e. Manin plane, q-deformed Euclidean 
space in three and four dimensions, and q-deformed Minkowski space. For 
each case we give the defining relations, the quantum metric, and the con- 
jugation properties. 

The coordinates of the two-dimensional q-deformed quantum plane fulfill 
the relation [55, 56] 

X 1 X 2 = qX 2 X 1 , (299) 

whereas the quantum metric is given by a matrix e iJ with non-vanishing 
elements 

e 12 = q- 1 / 2 , e 2l = -q 1 / 2 . (300) 
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The relation (|299p is compatible with the conjugation assignment 

Xi = - Eij Xi, (301) 

where denotes the inverse of e 13 . 

The commutation relations for the q-deformed Euclidean space in three 
dimensions read [31] 

X 3 X + = q 2 X + X 3 , 
X~X 3 = q 2 X 3 X-, 

X'X + = X + X~ + \X 3 X 3 . (302) 

The non-vanishing elements of the quantum metric are 

g + - = -q, g 33 = l, g- + = -q-\ (303) 

The conjugation properties of coordinates are given by 

W = 9AB X B , (304) 

with gAB denoting the inverse of g AB '. If we are looking for coordinates 
subject to Y % = Y % we can choose 



Y 2 



1/2 +g-l/2 

_1 (^^.^jr), 



Y 3 = X 3 . (305) 

For the four-dimensional Euclidean space we have the relations [27, 57] 

X 1 X 2 = qX 2 X 1 , 
X 1 X 3 = qX 3 X 1 , 
X 3 X 4 = qX 4 X 3 , 
X 2 X 4 = qX 4 X 2 , 
X 2 X 3 = X 3 X 2 , 

X 4 X 1 = X l X 4 + XX 2 X 3 . (306) 
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The non-vanishing components of the corresponding quantum metric read 

9 M = Q-\ 9 23 = 9 32 = l, 9 41 = q - (307) 
If gij again denotes the inverse of g %i it holds 

X* = g ij Xl. (308) 

Using this relation it is easy to check that the following independent coor- 
dinates are invariant under conjugation [58]: 



Y x = 


h- > 


gl/2 + g -l/2 


Y 2 = 


\(x 2 + x 3 ) 


Y 3 = 


\(x 2 -x 3 ) 


y 4 = 


i 


q l/2 + -1/2 



1 — Tr2 (q 1 / 2 X x +q -^X*) 



^X'-q-^X 4 ). (309) 

The coordinates of q-deformed Minkowski space obey the relations [27] 

X»X° = X X», M £ {0,+,-,3}, 
X~X 3 - q 2 X 3 X- = -q\X°X-, 
X 3 X + - q 2 X + X 3 = -q\X°X + , 
X-X + - X + X- = X(X 3 X 3 - X°X 3 ). (310) 

As non-vanishing components of the corresponding metric we have 

v 00 = _1, v 33 = 1, TJ+- = -g t v -+ = -q- 1 . (311) 

(For other deformations of Minkowski spacetime we refer to Refs. [59-65].) 
The conjugation on q-deformed Minkowski space is determined by 

X°=X°, X3 = X 3 , X± = -q Tl X T . (312) 

A set of independent coordinates being invariant under conjugation is now 
given by Y° = X° and the coordinates introduced in (|305p . 
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